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Abstract
The present knowledge of the structure of the photon is presented with emphasis on
measurements of the photon structure obtained from deep inelastic electron-photon
scattering at e+ e− colliders. This review covers the leptonic and hadronic structure
of quasi-real and also of highly virtual photons, based on measurements of structure
functions and differential cross-sections. Future prospects of the investigation of the
photon structure in view of the ongoing LEP2 programme and of a possible linear
collider are addressed. The most relevant results in the context of measurements
of the photon structure from photon-photon scattering at LEP and from photon-
proton and electron-proton scattering at HERA are summarised.
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1 Introduction
The photon is a fundamental ingredient of our present understanding of the in-
teractions of quarks and leptons. These interactions are successfully described
in the framework of the standard model, a theory which consists of a com-
bination of gauge theories. Being the gauge boson of the theory of Quantum
Electro Dynamics, QED, the photon mediates the electromagnetic force be-
tween charged objects. In these interactions the photon can be regarded as
a structureless object, called the direct, or the bare photon. Since QED is an
abelian gauge theory, the photon has no self-couplings and to the best of our
knowledge the photon is a massless particle.
Due to the Heisenberg uncertainty principle 2 , written as ∆E∆t > 1, the
photon, denoted with γ, is allowed to violate the rule of conservation of energy
by an amount of energy ∆E for a short period of time ∆t and to fluctuate into a
charged fermion anti-fermion, ff¯, system carrying the same quantum numbers
as the photon, γ → f f¯ → γ. If, during such a fluctuation, one of the fermions 3
interacts via a gauge boson with another object, then the parton content of the
photon is resolved and the photon reveals its structure. In such interactions the
photon can be regarded as an extended object consisting of charged fermions
and also gluons, the so called resolved photon. This possibility for the photon
to interact either directly or in a resolved manner is another dual nature of the
photon, which is the cause of a variety of phenomena and makes the photon a
very interesting object to investigate. One possible description of the structure
of the photon is given by the concept of photon structure functions, which is
the main subject of this review.
Today the main results on the structure of the photon are obtained from
the electron-positron collider LEP and the electron-proton collider HERA.
The largest part of this review is devoted to the discussion of deep inelastic
electron-photon scattering and to the measurements of QED and hadronic
structure functions of the photon. Other LEP results on the structure of the
photon apart from those obtained from deep inelastic electron-photon scat-
tering, as well as the measurements in photoproduction and deep inelastic
electron-proton scattering at HERA, are summarised briefly.
The review is organised in the following way. In Section 2.1 the kinematical
quantities are introduced and in Section 2.2 the capabilities of the detectors
to measure the deep inelastic electron-photon scattering process are discussed.
The theoretical formalism needed to measure the photon structure is outlined
in Section 3, with special emphasis on the QED and hadronic structure func-
2 The units used are c = h¯ = 1.
3 Fermions and anti-fermions are not distinguished, for example, electrons and
positrons are referred to as electrons.
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Fig. 1. Probing the structure of quasi-real photons, γ, by highly virtual photons,
γ⋆.
tions of the photon in Section 3.3 and Section 3.4 respectively. A review of
the available parametrisations of parton distribution functions of the photon
is given in Section 4. The most important tools used to measure the photon
structure are described in Section 5, concentrating on event generators and
unfolding methods. The measurements of the QED and hadronic structure of
the photon obtained from leptonic and hadronic final states are discussed in
Section 6, and Section 7 respectively. The prospects of future determinations
of the structure of the photon are outlined. The measurements expected to be
performed at LEP, using the high statistics, high energy data still expected
within the ongoing LEP2 programme, are discussed in Section 8.1, followed
by the discussion of measurements to be performed at a possible future linear
collider in Section 8.2. Complementary investigations of the photon structure
from LEP and selected HERA results are addressed in Section 9.
Additional information is presented in the appendices. The relation between
the cross-section picture and the structure function picture is outlined in Ap-
pendix A, followed by a discussion of the general relation between the photon
structure function, the parton distribution functions and the evolution equa-
tions given in Appendix B. The Appendices C and D contain a collection of
numerical results on measurements of the photon structure.
1.1 Theoretical description of photon interactions
In deep inelastic electron-photon scattering the structure of a quasi-real pho-
ton, γ, is probed by a highly virtual photon, γ⋆, emitted by a deeply inelasti-
cally scattered electron, as sketched in Figure 1.
The photon, as the mediator of the electromagnetic force, couples to charged
objects. The fundamental coupling of the photon as described in the framework
of QED is the coupling to charged fermions, f, which can be either quarks, q,
or leptons, ℓ, with ℓ = eµτ . For the case of lepton pair production, the process
can be calculated in QED. The relevant formulae are listed in Section 3 and
the results on the QED structure of the photon are discussed in Section 6.
2
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Fig. 2. The different appearances of the photon. Shown are (a) the direct or
bare photon, and (b,c) the resolved photon, which can be either point-like, (b),
or hadron-like, (c).
For the production of quark pairs the situation is more complex, since the
spectrum of fluctuations is richer, and QCD corrections have to be taken
into account. Therefore, the photon interactions receive several contributions
shown in Figure 2. The leading order contributions are discussed in detail. The
reactions of the photon are usually classified depending on the object which
takes part in the hard interaction. If the photon directly, as a whole, takes part
in the hard interaction, as shown in Figure 2(a), then it does not reveal a struc-
ture. These reactions are called direct interactions and the photon is named
the direct, or the bare photon. If the photon first fluctuates into a hadronic
state which subsequently interacts, the processes are called resolved photon
processes and structure functions of the photon can be defined. The resolved
photon processes are further subdivided into two parts. The first part, shown
in Figure 2(b), is perturbatively calculable, as explained in Section 3.4, and
called the contribution of the point-like, or the anomalous photon. Here the
photon perturbatively splits into a quark pair of a certain relative transverse
momentum and subsequently one of the quarks takes part in the hard inter-
action, which for deep inelastic electron-photon scattering in leading order is
the process γ⋆q → q. The second part, where the photon fluctuates into a
hadronic state with the same quantum numbers as the photon, as shown in
Figure 2(c), is usually called the hadron-like, or hadronic contribution 4 . The
photon behaves like a hadron, and the hadron-like part of the hadronic pho-
ton structure function F γ2 can successfully be described by the vector meson
dominance model, VMD, considering the low mass vector mesons ρ, ω and φ,
as outlined in Section 3.5.
The leading order contributions are subject to QCD corrections due to the
coupling of quarks to gluons. The hadronic photon structure function F γ2 re-
ceives contributions both from the point-like part and from the hadron-like
part of the photon structure, discussed in detail in Section 3.4.
4 In this review the two parts of the resolved photon will be called point-like and
hadron-like to avoid confusion with the term hadronic structure function of the
photon which is used for the full F γ2 .
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Fig. 3. A diagram of the reaction ee → eeff, proceeding via the exchange of two
photons.
2 Deep inelastic electron-photon scattering (DIS)
The classical way to investigate the structure of the photon at e+ e− colliders
is the measurement of photon structure functions using the process
ee→ eeγ⋆ γ → eeX. (1)
In this section the kinematical variables used to describe the reaction are
introduced in Section 2.1 and experimental aspects are discussed in Section 2.2.
2.1 Kinematics
Figure 3 shows a diagram of the scattering of two electrons, proceeding via
the exchange of two photons of arbitrary virtualities, in the case of leading
order fermion pair production, X = ff.
The reaction is described in the following notation
e(p1)e(p2)→ e(p′1)e(p′2)γ(⋆)(q)γ(⋆)(p)→ e(p′1)e(p′2)f(pf1)f(pf2). (2)
The terms in brackets denote the four-vectors of the respective particles, and E
is the energy of the electrons of the beams. In addition the energies, momentum
vectors and polar scattering angles of the outgoing particles are introduced in
Figure 3. The symbol (⋆) indicates that the photons can be either quasi-real,
γ, or virtual, γ⋆. The virtual photons have negative virtualities q2, p2 ≤ 0. For
4
simplicity, the definitions Q2 = −q2 ≥ 0 and P 2 = −p2 ≥ 0 are used, and the
particles are ordered such that Q2 > P 2. A list of commonly used variables,
which are valid for arbitrary virtualities and for any final state X , is given
below
see≡ (p1 + p2)2 = 2p1 · p2 = 4E2, (3)
seγ ≡ (p1 + p)2, (4)
sγγ ≡W 2 ≡ (q + p)2 = Q2 1− x
x
− P 2, (5)
x≡ Q
2
2p · q =
Q2
W 2 +Q2 + P 2
, (6)
y≡ p · q
p1 · p, (7)
r≡ p · q
p2 · q , (8)
Q2= xy(seγ + P
2) = 2EE ′1(1− cos θ′1), (9)
P 2=2EE ′2(1− cos θ′2). (10)
Here see is the invariant mass squared of the electron-electron system, seγ the
invariant mass squared of the electron-photon system, sγγ the invariant mass
squared of the photon-photon system, and the mass of the electron has been
neglected.
Deep inelastic electron-photon scattering is characterised in the limit where
one photon is highly virtual, Q2 ≫ 0, and the other is quasi-real, P 2 ≈ 0. In
this case P 2 is neglected in the equations above and some simplified expressions
are found
seγ = (p1 + p)
2 = 2p1 · p = 4EEγ , (11)
y=1− E
′
1
2E
(1 + cos θ′1), (12)
r=
Eγ
E
≡ z. (13)
Here Eγ is the energy of the quasi-real photon.
The reaction receives contributions in leading order from the different Feyn-
man diagrams shown in Figure 4. The relative sizes of the contributions of
the different Feynman diagrams depend on the kinematical situation. In the
region of deep inelastic scattering, Q2 ≫ P 2 ≈ 0, and for moderate values
of Q2 the dominant contribution stems from the multipheripheral diagram,
Figure 4(a). The t-channel bremsstrahlung diagram, Figure 4(b), and the s-
channel bremsstrahlung diagram, Figure 4(c), contribute much less to the
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Fig. 4. The different contributions to the reaction ee→ eeγ(⋆)γ(⋆) → eeff. Shown are
(a) the multipheripheral diagram, (b) the t-channel bremsstrahlung diagram and
(c) the s-channel bremsstrahlung diagram. In all cases only one possible leading
order diagram is shown.
total cross-section, as explained in Ref. [1] 5 . However, at large values of Q2
both bremsstrahlung diagrams have to be taken into account, especially the
t-channel bremsstrahlung diagram can be important, predominantly at low
invariant masses of the photon-photon system.
The structure functions of the photon, introduced in Sections 3.3 and 3.4, are
extracted from a measurement of the differential cross-sections of this reaction.
For the measurement of the structure function F γ2 it is sufficient to describe
the reaction in terms of x, Q2 and P 2. For the measurement of other struc-
ture functions like F γA and F
γ
B further variables are necessary. For example,
the measurement of F γA and F
γ
B in deep inelastic electron-photon scattering
involves the measurement of the azimuthal angle χ between the plane defined
by the momentum vectors of the fermion and anti-fermion, called the fermion
anti-fermion plane, and the plane defined by the momentum vectors of the
incoming and the deeply inelastically scattered electron, called the electron
scattering plane.
5 The contributions to the s-channel bremsstrahlung diagrams are sometimes called
the annihilation and the conversion diagram, reserving the term bremsstrahlung
only for the t-channel bremsstrahlung diagram.
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Fig. 5. Illustrations of the scattering angles φ¯, θ⋆ and χ in the photon-photon
centre-of-mass system. Shown are (a) the angle between the scattering planes of
the two scattered electrons, φ¯, and (b) the scattering angle θ⋆ of the fermion or
anti-fermion with respect to the photon-photon axis, as well as the the azimuthal
angle χ, defined as the angle between the observed electron and the fermion which,
in the photon-photon centre-of-mass frame, is scattered at cos θ⋆ < 0.
The experimentally exploited angles φ¯, θ⋆ and χ are introduced in Figure 5.
The azimuthal angle φ¯ is defined as the angle between the scattering planes
of the two electrons in the photon-photon centre-of-mass frame, as shown in
Figure 5(a). The polar angle θ⋆ is defined as the scattering angle of the fermion
or anti-fermion with respect to the photon-photon axis in the photon-photon
centre-of-mass frame, as shown in Figure 5(b). In this report, the azimuthal
angle χ is defined, as in Ref. [2], as the angle between the observed electron and
the fermion which, in the photon-photon centre-of-mass frame, is scattered at
cos θ⋆ < 0, as shown in Figure 5(b). There exist slightly different definitions
of χ in the literature. The different definitions are due to the different choices
made to accommodate the fact that the unintegrated structure function F˜ γA is
antisymmetric in cos θ⋆ if the angle χ is chosen to be the angle between the
electron and the fermion or anti-fermion. There are several ways to redefine
χ in such a way that the integration of F˜ γA with respect to cos θ
⋆ does not
vanish, see Section 3.3 for details.
2.2 Experimental considerations
The measurement of structure functions involves the determination of x, Q2,
P 2 and χ. The capabilities of the different LEP detectors are very similar
and they have only slightly different acceptances for the scattered electrons
and the final state X . As an example, the acceptance of the OPAL detector,
shown in Figure 6, is discussed. The scattered electrons are detected by various
electromagnetic calorimeters. The final state X is measured with tracking
devices and calorimeters which are sensitive to electromagnetic as well as
hadronic energy deposits, supplemented by muon detectors. The acceptance
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Fig. 6. A schematic view of the OPAL detector.
ranges of the various components of the OPAL detector are listed in Table 1.
For two values of the energy of the beam electrons E = 45.6 and 100 GeV
the covered phase space in terms of x and Q2, for P 2 = 0 is schematically
shown in Figure 7. The values of x and Q2 are obtained from the kinemat-
ical relations listed above, using a range in photon-photon invariant mass of
2.5 < W < 40/60 GeV, for E = 45.6/100 GeV and assuming that the observed
electrons carry at least 50% of the energy of the beam electrons. The kinemat-
ical coverage in principle extends from 10−5 to about 1 in x and from 10−2 to
3 · 103 GeV2 in Q2, but measurements of the photon structure cover only the
approximate ranges of 10−3 < x < 1 and 1 < Q2 < 103 GeV2. This is because
at large Q2 the statistics are small, and at very low Q2 the background condi-
tions are severe. Therefore the present measurements of the photon structure
are limited to θ′1 > 33 mrad, which means Q
2 > Q2min ≈ 1.1/5.5 GeV2, for
E = 45.6/100 GeV, as shown in Figure 7. Here Q2min, calculated from Eq. (9)
for E ′1 = 0.5E and θ
′
1 = 33 mrad, is the minimum photon virtuality at which
an electron can be observed.
The considerations for the Q2 acceptance also apply to the acceptance in P 2
for the second photon. Due to the limited coverage of the detector close to the
beam direction the scattered electrons radiating the quasi-real photons cannot
be detected up to θ′2,max = 33 mrad with the exception of a small region of
4 to 8 mrad. Consequently, for deep inelastic electron-photon scattering the
experiments effectively integrate over the invisible part of the P 2 range up to
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Table 1
The main parameters of the OPAL detector relevant for measurements of the
photon structure. Shown are the acceptance ranges in polar angle θ for the
scattered electrons and the final state X. The number 33 mrad reflects the electron
acceptance for beam energies within the LEP2 programme, at LEP1 energies the
clean acceptance already started at approximately 27 mrad.
scattered electrons
electromagnetic cluster 4-8, 33-55, 60-120, > 200 [mrad]
final state X
charged particles | cos θ| < 0.96
electromagnetic cluster | cos θ| < 0.98
hadronic cluster | cos θ| < 0.99
muons | cos θ| < 0.98
x
Q2
 
[G
eV
2 ]
E = 45.6 GeV
q
 
= 4-8
, 33-5
5, 60-
120, 2
00-54
0 mra
d
E = 100 GeV
10
-2
10
-1
1
10
10 2
10 3
10 -5 10 -4 10 -3 10 -2 10 -1 1
Fig. 7. The kinematical coverage of the OPAL detector. Shown are the accepted
ranges in x and Q2, for P 2 = 0 and for two values of the energy of the beam
electrons, 45.6 and 100 GeV. The numbers are obtained for specific ranges in W
and a minimum energy required for the scattered electron, explained in the text.
a value P 2max. Because P
2 depends on energy and angle of the electron, P 2max is
not a fixed number, but depends on the minimum angle and energy required
to observe an electron. Approximations of P 2max are Q
2
min and the P
2 value
corresponding to an electron carrying the energy of the beam electrons and
escaping at θ′2,max, which is two times Q
2
min in the example from above.
As a consequence of the limited acceptance the measured structure functions
depend on the P 2 distribution of the not observed quasi-real photon, and this
dependence increases for increasing energy of the beam electrons.
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3 Theoretical framework
In this section the formalism needed for the interpretation of the measure-
ments performed by the various experiments is outlined. The discussion is
not complete, but focuses on general considerations and on the formulae rele-
vant for the understanding of the experimental results. These results concern
measurements of structure functions and of differential cross-sections, related
to the QED and hadronic structure of quasi-real and virtual photons. The
structure of quasi-real photons is investigated for Q2 ≫ P 2 ≈ 0, and the
structure of virtual photons for the regions Q2, P 2 ≫ m2e , or Q2, P 2 ≫ Λ2,
where me is the mass of the electron and Λ is the QCD scale
6 . Since either the
cross-section picture, or the structure function picture is relevant for the differ-
ent measurements, both are discussed in detail, starting with the differential
cross-section.
3.1 Individual cross-sections
The general form of the differential cross-section for the scattering of two
electrons via the exchange of two photons, Eq. (2), using the multipheripheral
diagram integrated over all angles except φ¯ is given as
d6σ=d6σ(ee→ eeX)
=
d3p′1d
3p′2
E ′1E
′
2
α2
16π4Q2P 2
[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
(
4ρ++1 ρ
++
2 σTT + 2|ρ+−1 ρ+−2 |τTT cos 2φ¯+ 2ρ++1 ρ002 σTL
+2ρ001 ρ
++
2 σLT + ρ
00
1 ρ
00
2 σLL − 8|ρ+01 ρ+02 |τTL cos φ¯
)
, (14)
taken from Ref. [4, Eq.5.12]. The four-vectors and kinematic variables are
defined in Section 2.1. The total cross-sections σTT, σTL, σLT and σLL and
the interference terms τTT and τTL correspond to specific helicity states of the
photons (T=transverse and L=longitudinal). Since a real photon can have only
6 In principle one has to specify the number of flavours to which Λ corresponds,
and in next-to-leading order also the factorisation scheme in which Λ is expressed.
For example, ΛMS4 means four active flavours and the MS factorisation scheme, see
Ref. [3] for details. However, when constructing parton distribution functions of the
photon, in some cases Λ is taken as a fixed number independent of the number of
flavours used, because, given the number of free parameters, there is no sensitivity to
Λ. For simplicity, unless explicitly stated otherwise, here Λ is used either to denote a
fixed number or as a shorthand for Λ4. Numerically, in leading order, Λ4 = 0.2 GeV
corresponds to Λ3 = 0.232 GeV.
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transverse polarisation, the terms where at least one photon has longitudinal
polarisation have to vanish in the corresponding limit Q2 → 0 or P 2 → 0.
These terms have the following functional form: σLT ∝ Q2, σTL ∝ P 2, σLL ∝
Q2P 2 and τTL ∝
√
Q2P 2. The terms ρjk1 and ρ
jk
2 , where j, k ∈ (+,−, 0) denote
the photon helicities, are elements of the photon density matrix which depend
only on the four-vectors q, p, p1 and p2 and on me. They are taken from
Ref. [4, Eq.5.13] and have the following form
2ρ++1 =
(2p1 · p− p · q)2
(p · q)2 −Q2P 2 + 1− 4
m2e
Q2
,
2ρ++2 =
(2p2 · q − p · q)2
(p · q)2 −Q2P 2 + 1− 4
m2e
P 2
,
ρ001 =2ρ
++
1 − 2 + 4
m2e
Q2
,
ρ002 =2ρ
++
2 − 2 + 4
m2e
P 2
,
|ρ+−i |= ρ++i − 1,
|ρ+0i |=
√
(ρ00i + 1) |ρ+−i |. (15)
Experimentally two kinematical limits are studied for leptonic and hadronic
final states. Firstly the situation where both photons are highly virtual and
secondly the situation where one photon is quasi-real and the other highly
virtual: the situation of deep inelastic electron-photon scattering. The corre-
sponding limits of Eq. (14) are discussed next.
If both photons are highly virtual the differential cross-section reduces to a
much more compact form, because Eq. (14) can be evaluated in the limit
Q2, P 2 ≫ m2e . In this limit the following relations can be obtained between
the ρjki given in Eq. (15)
ρ00i =2(ρ
++
i − 1),
|ρ+−i |=
ρ00i
2
,
|ρ+0i |
ρ++i
=
√√√√ρ00i + 1
ρ++i
· |ρ
+−
i |
ρ++i
=
√√√√2(ρ00i − ρ00i /2 + ρ++i )
2ρ++i
· ρ
00
i
2ρ++i
=
√√√√( ρ00i
2ρ++i
+ 1
)
· ρ
00
i
2ρ++i
. (16)
Defining ρ00i /2ρ
++
i ≡ ǫi Eq. (14) reads
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d6σ=
d3p′1d
3p′2
E ′1E
′
2
α2
16π4Q2P 2
[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
4ρ++1 ρ
++
2 ·(
σTT + ǫ2σTL + ǫ1σLT + ǫ1ǫ2σLL +
1
2
ǫ1ǫ2τTT cos 2φ¯
−
√
2(ǫ1 + 1)ǫ1
√
2(ǫ2 + 1)ǫ2 τTL cos φ¯
)
. (17)
Finally for ǫi ≈ 1, which is fulfilled by selecting events at low values of y and
r, the differential cross-section can be written as
d6σ=
d3p′1d
3p′2
E ′1E
′
2
α2
16π4Q2P 2
[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
4ρ++1 ρ
++
2 ·(
σTT + σTL + σLT + σLL +
1
2
τTT cos 2φ¯− 4τTL cos φ¯
)
. (18)
This equation can be used to define an effective structure function F γeff ∝
σTT+σTL+σLT+σLL+
1
2
τTT cos 2φ¯−4τTL cos φ¯. This effective structure function
can be measured by experiments. However, to relate F γeff to the structure
functions F γ2 and F
γ
L discussed below, further assumptions are needed. By
assuming that the interference terms do not contribute that σLL is negligible
and also using σTL = σLT, the effective structure function can be expressed by
means of Eq. (20), as F γeff = F
γ
2 + 3/2F
γ
L .
If the interference terms τTT and τTL are independent of φ¯, the integration over
φ¯ of the terms containing cos φ¯ and cos 2φ¯ vanishes, and the cross-section is
proportional to σTT + σTL + σLT + σLL. The total cross-sections and interfer-
ence terms can be expressed using Q2, P 2, W 2, and the mass of the produced
fermion, mf . However, there is a kinematical correlation between these vari-
ables and φ¯, which leads to the fact that in several kinematical regions τTT and
τTL are not independent of φ¯. Consequently, the terms proportional to cos φ¯
and cos 2φ¯ do not vanish, even when integrated over the full range in φ¯, as
explained in Ref. [5]. The resulting contributions can be very large, depending
on the ratios Q2/P 2, Q2/W 2 and P 2/W 2. Due to the large interference terms
in some regions of phase space, cancellations occur in Eq. (18) between the
cross-section and interference terms, and therefore no clear relation between
a structure function and the cross-section terms can be found. In this situ-
ation the cleanest experimentally accessible measurement is the differential
cross-section as defined by Eq. (18).
For the case of leading order QED fermion pair production the relevance of
the individual terms for different kinematical regions can be studied. For
example, Figure 8 shows the differential cross-section dσ/dx for muon pair
production in the kinematical acceptance range of the PLUTO experiment,
Ref. [6], and for two different lower limits on W . The kinematical require-
ments are, E ′1, E
′
2 > 0.35E for E = 17.3 GeV, 100 < θ
′
1 < 250 mrad,
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Table 2
The individual contributions to the differential cross-section for muon pair
production. The numbers given are for several kinematical situations explained in
the text, and correspond to the integrals of the distributions shown in Figures 8
and 9.
σ [pb]
used terms in Eq. (14) 8(a) 8(b) 9(a) 9(b)
σTT 2.20 1.26 2.29 285
σTT σTL 3.24 1.68 2.88 349
σTT σTL σLT 4.20 2.07 3.36 360
σTT σTL σLT σLL 4.30 2.12 3.38 362
σTT σTL σLT σLL τTT 4.17 2.11 3.37 360
σTT σTL σLT σLL τTT τTL 3.35 1.93 3.24 350
31 < θ′2 < 55 mrad, and in addition W > 2mµ in Figure 8(a), and W > 20mµ
in Figure 8(b). This leads to average values of P 2 and Q2 of 〈P 2〉 ≈ 0.44 GeV2
and 〈Q2〉 ≈ 5.3 GeV2. The individual contributions are listed in Table 2.
Shown in Figure 8 are the differential cross sections dσ/dx for three different
scenarios: dσ/dx using all terms of Eq. (14), using only σTT, or neglecting the
interference terms τTT and τTL, all as predicted by the GALUGA program,
Ref. [7], which is described in Section 5.1. The difference between dσ/dx us-
ing only σTT and dσ/dx by neglecting only the interference terms, shows that
there are large contributions from the cross-sections containing at least one
longitudinal photon, σTL, σLT and σLL. But also the interference terms them-
selves give large negative contributions, as shown by the difference between
the dσ/dx using all terms and dσ/dx by neglecting the interference terms. The
importance of the interference terms decreases for increasing W 2, as shown in
Figure 8(b). However, this comes at the expense of a significant reduction in
the acceptance at high values of x.
Figure 9(a) shows the same quantities for the typical acceptance of a LEP
detector at E = 94.5 GeV, when using the very low angle electromagnetic
calorimeters and the calorimeters used for the high precision luminosity mea-
surement. In this case, the kinematical requirements are, E ′1, E
′
2 > 0.5E for
E = 94.5 GeV, 33 < θ′1 < 120 mrad, 4 < θ
′
2 < 8 mrad, and W > 2mµ.
The increase in the energy of the beam electrons is compensated by a smaller
value of θ′2, resulting in an average value of 〈P 2〉 = 0.3 GeV2, similar to
the PLUTO acceptance. However, the average value of Q2 is increased to
〈Q2〉 = 24.5 GeV2, which results in increased ratios Q2/P 2 and Q2/W 2. The
result is that the total contribution of the interference terms decreases the
differential cross section by less than 4%, compared to 28(10)% in the case of
the PLUTO acceptance for W > 2(20)mµ. This shows that the importance of
the interference terms varies strongly as a function of the kinematical range.
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Fig. 8. The predicted differential cross-section dσ/dx for the reaction ee→ eeµ+µ−
for the acceptance of the PLUTO experiment, and for two different lower limits on
W . Shown are the differential cross sections forW > 2mµ in (a), and forW > 20mµ
in (b). See text for further details. The three different histograms correspond to the
differential cross-section dσ/dx using all terms of Eq. (14) (full), using only σTT
(dash) or neglecting only the interference terms τTT and τTL (dot-dash).
In the kinematical region of the LEP high energy programme the importance
of the interference terms is smaller than for the PLUTO region.
Unfortunately, no general statement of the importance of these terms can be
made for the case of quark pair production in the framework of QCD. However,
in the regions of phase space where the leading order point-like qq¯ production
process dominates, the cross-section for quark pair production, in the quark
parton model, is exactly the same as for muon pair production, except for the
different masses of muons and quarks, and the above considerations can be
applied.
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Fig. 9. The predicted differential cross-section dσ/dx for the reaction ee→ eeµ+µ−
for some typical acceptances of a LEP experiment. Shown are the differential cross
sections for W > 2mµ. In (a) dσ/dx is shown for a typical acceptance for the ex-
change of two virtual photons with two detected electrons and for E = 94.5 GeV,
and in (b) dσ/dx is shown for a typical acceptance for deep inelastic electron-photon
scattering for E = 45.6 GeV. See text for further details. The three different his-
tograms correspond to the differential cross-section dσ/dx using all terms of Eq. (14)
(full), using only σTT (dash) or neglecting only the interference terms τTT and τTL
(dot-dash).
For deep inelastic electron-photon scattering, Q2 ≫ P 2 ≈ 0, the terms σTL,
σLL and τTL vanish due to their P
2 dependence as P 2 approaches zero. This
means that all contributions from longitudinal quasi-real photons can be ne-
glected because the longitudinal polarisation state vanishes for P 2 = 0. Also
the term proportional to τTT vanishes, although τTT itself does not vanish,
because for P 2 = 0 the angle φ¯ is undefined. Consequently, for deep inelastic
electron-photon scattering, the differential cross-section Eq. (14) reduces to
15
d6σ=
d3p′1d
3p′2
E ′1E
′
2
α2
16π4Q2P 2
[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
·
4ρ++1 ρ
++
2
[
σTT +
ρ001
2ρ++1
σLT
]
. (19)
This means that only the terms σTT and σLT contribute. They correspond to
the situation where the structure of a transverse target photon, p, is probed
by a transverse or longitudinal virtual photon, q, respectively.
Experimentally, due to the limited acceptance discussed in Section 2.2, P 2
can only be kept small, but it is not exactly zero. The numerical effect of the
various contributions due to the finite P 2 are shown in Figure 9(b) for a typical
acceptance of a LEP detector for E = 45.6 GeV. The kinematical requirements
are E ′1 > 0.5E, 27 < θ
′
1 < 120 mrad, θ
′
2 < 27 mrad, and W > 2mµ. The
importance of the reduction of the cross-section by the interference terms is
further decreased to around 3%, and the contribution of σTL and σLL to the
cross section is also around 3% and positive, such that the two almost cancel
each other. In this situation the total cross-section is accurately described by
σTT and σLT only.
In the case of muon pair production, ff = µ+µ−, the cross-section is deter-
mined by QED. Equation (14) and consequently also the limits discussed
above, Eqs. (18,19), contain the full information, and it is sufficient to describe
the reaction in terms of cross-sections. However, most of the experimental re-
sults are expressed in terms of structure functions, since in the case of quark
pair production the cross-section cannot be calculated in QCD and has to be
parametrised by structure functions. The relations between the cross-sections
and the structure functions are defined as
2xF γT(x,Q
2, P 2)=
Q2
4π2α
√
(p · q)2 −Q2P 2
p · q[
σTT(x,Q
2, P 2)− 1
2
σTL(x,Q
2, P 2)
]
,
F γ2 (x,Q
2, P 2)=
Q2
4π2α
p · q√
(p · q)2 −Q2P 2[
σTT(x,Q
2, P 2) + σLT(x,Q
2, P 2)
−1
2
σLL(x,Q
2, P 2)− 1
2
σTL(x,Q
2, P 2)
]
,
F γL (x,Q
2, P 2)=F γ2 (x,Q
2, P 2)− 2xF γT(x,Q2, P 2), (20)
as given, for example, in Ref. [8]. These equations can be used for the defini-
tion of both QED and hadronic structure functions. In the limit P 2 = 0 the
relations
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2xF γT(x,Q
2) =
Q2
4π2α
σTT(x,Q
2)
F γ2 (x,Q
2) =
Q2
4π2α
[
σTT(x,Q
2) + σLT(x,Q
2)
]
F γL (x,Q
2) =
Q2
4π2α
σLT(x,Q
2) (21)
are obtained. In the QED case the structure functions can be calculated as
discussed in Section 3.3, whereas for the hadronic structure functions model
assumptions have to be made which are discussed in detail in Section 3.4.
3.2 Equivalent photon approximation
In many experimental analyses of deep inelastic electron-photon scattering
the differential cross-section for the reaction is not described in terms of cross-
sections corresponding to specific helicity states of the photons, as outlined
in Section 3.1, but in terms of structure functions of the transverse quasi-real
photon times a flux factor for the incoming quasi-real photons of transverse
polarisation.
In this notation the differential cross-section, Eq. (19), can be written in a
factorised form as
d4σ
dx dQ2 dz dP 2
=
d2NTγ
dzdP 2
· 2πα
2
xQ4
·
[
1 + (1− y)2
]
·[
2xF γT(x,Q
2) +
2(1− y)
1 + (1− y)2F
γ
L (x,Q
2)
]
. (22)
In Appendix A this equation is derived from Eq. (19) using the limit P 2 → 0.
By using in addition F γ2 = 2xF
γ
T + F
γ
L the widely used formula
d4σ
dx dQ2 dz dP 2
=
d2NTγ
dzdP 2
· 2πα
2
xQ4
·[(
1 + (1− y)2
)
F γ2 (x,Q
2)− y2F γL (x,Q2)
]
, (23)
is obtained. Sometimes this formula is also used to study the P 2 dependence of
F γ2 by using F
γ
2 (x,Q
2, P 2) instead of F γ2 (x,Q
2). It should be kept in mind that
the main approximation made in calculating Eq. (23) is (p·q)2−Q2P 2 ≈ (p·q)2
and that only results in the same limit of F γ2 are meaningful, see Appendix A
for details. To avoid this complication Eq. (19) should be used instead.
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The factor d2NTγ /dzdP
2 describing the flux of incoming transversely polarised
quasi-real photons of finite virtuality is the equivalent photon approximation,
EPA, which was first derived in Ref. [9]. The EPA is given by
d2NTγ
dzdP 2
=
α
2π
[
1 + (1− z)2
z
1
P 2
− 2m
2
e z
P 4
]
, (24)
where the first term is dominant. The flux of longitudinal photons is
d2NLγ
dzdP 2
=
α
2π
[
2(1− z)
z
1
P 2
]
, (25)
such that the ratio is given by
d2NLγ
dzdP 2
/
d2NTγ
dzdP 2
≈ 2(1− z)
1 + (1− z)2 ≡ ǫ(z). (26)
Comparing this functional form to Eq. (22) shows that the term in front of
F γL corresponds to the ratio of the transverse and longitudinal flux of virtual
photons.
For the experimental situation where the electron which radiates the quasi-
real photon is not detected, the EPA is often used integrated over the invisible
part of the P 2 range. The integration boundary P 2min is given by four-vector
conservation and P 2max is determined by the experimental acceptance. The ex-
perimental values of P 2max strongly depend on the detector acceptance and the
energy of the beam electrons, as has been discussed in Section 2.2. The inte-
gration of the EPA leads to the Weizsa¨cker-Williams approximation [10,11],
which is a formula for the flux of collinear real photons.
dNTγ
dz
=
P 2max∫
P 2
min
dP 2
d2NTγ
dzdP 2
=
α
2π
[
1 + (1− z)2
z
ln
P 2max
P 2min
− 2m2e z
(
1
P 2min
− 1
P 2max
)]
, (27)
where P 2min =
m2e z
2
1− z , and P
2
max = (1− z)E2θ′2,max.
The strong dependence of the EPA on the virtuality of the quasi-real photon
is demonstrated in Figure 10, where the EPA is shown for three values of
P 2. Shown are, firstly P 2 = P 2min the smallest value possible, secondly P
2 =
P 2max(z = 0) = 1.4 GeV
2, a typical value for a LEP detector for an e+ e−
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Fig. 10. Comparison of the equivalent photon and the Weizsa¨cker-Williams
approximations. The EPA is shown for three choices of P 2: P 2min, P
2
max with
P 2max(z = 0) = 1.4 GeV
2 and a fixed value of P 2 = 0.05 GeV2. The EPA is com-
pared to the Weizsa¨cker-Williams approximation (WW), obtained by integrating
the EPA, using the same values of P 2min and P
2
max.
centre-of-mass energy of the mass of the Z boson,
√
see = mZ , and thirdly a
typical value of an average P 2 observed in an analysis of the QED structure
of the photon, P 2 = 0.05 GeV2. In the range P 2min to P
2
max the EPA is reduced
by about six orders of magnitude. In addition, the EPA is compared to the
Weizsa¨cker-Williams approximation, Eq. (27), using P 2min and the same value
of P 2max. In this specific case the result of the integration is rather close to the
EPA at the average P 2.
It is clear that for different levels of accuracy different formulae have to be
chosen for adequate comparisons to the theoretical predictions, and special
care has to be taken when the P 2 dependence is studied.
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Fig. 11. A diagram of the reaction eγ → eγ⋆ γ → eff.
Several improvements of the EPA have been suggested in the literature for
different applications in electron-positron and electron-proton collisions. The
discussion of these improvements is beyond the scope of this review and the
reader is referred to the original publications, Refs. [12–15].
3.3 QED structure functions
Two topics concerning QED structure functions have been experimentally
addressed by studying the deep inelastic electron-photon scattering reaction,
shown in Figure 11. First the χ distribution has been measured, leading to
the determination of the structure functions F γA,QED and F
γ
B,QED, which are
obtained for real photons, P 2 = 0. Second the structure function F γ2,QED, and
its dependence on P 2 has been measured. The theoretical framework of these
two topics is discussed here in turn.
The starting point for the measurement of F γA,QED and F
γ
B,QED is the full differ-
ential cross-section for deep inelastic electron-photon scattering for real pho-
tons at P 2 = 0
d4σe γ→e ff
dx dQ2 dzp dχ/2π
=
2πα2
xQ4
[
1 + (1− y)2
] {(
2xF˜ γT,QED + ǫ(y)F˜
γ
L,QED
)
−ρ(y)F˜ γA,QED cosχ+ 12ǫ(y)F˜ γB,QED cos 2χ
}
, (28)
where the functions ǫ(y) and ρ(y) are both of the form 1−O(y2)
ǫ(y) =
2(1− y)
1 + (1− y)2 , ρ(y) =
(2− y)√1− y
1 + (1− y)2 =
√
2 [ǫ(y) + 1] ǫ(y) . (29)
The function ǫ(y), already defined in Eq. (26), is obtained from ǫ1 in the limit
P 2 = 0, see Appendix A. The function ρ(y) stems from
√
2|ρ+01 |/ρ++1 evalu-
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ated in the same limit, as can be seen from Eq. (16). In leading order QED,
the differential cross-section depends on four non-zero unintegrated structure
functions, namely F˜ γT,QED, F˜
γ
L,QED,F˜
γ
A,QED and F˜
γ
B,QED. They are functions only
of x, β and zp, but do not depend on χ. The kinematic variables are defined
from the four-vectors in Figure 3 and listed in Section 2.1. The variable zp is
related to the fermion scattering angle θ⋆ in the photon-photon centre-of-mass
frame, via zp =
1
2
(1 + β cos θ⋆), with β =
√
1− 4m2f /W 2, where mf denotes
the mass of the fermion.
For real photons, P 2 = 0, the unintegrated structure functions, F˜ γT,QED, F˜
γ
L,QED,
F˜ γA,QED and F˜
γ
B,QED have been calculated in the leading logarithmic approxima-
tion and can be found, for example, in Ref. [16]. Only recently, in Ref. [2], the
calculation has been extended beyond the leading logarithmic approximation,
for all four unintegrated structure functions, by retaining the full dependence
on the mass of the produced fermion up to terms of the order of O(m2f
W 2
).
But the limitation to real photons, P 2 = 0, is still retained. These structure
functions are proportional to the cross-section for the transverse real photon
to interact with different polarisation states of the virtual photon: transverse
(T), longitudinal (L), transverse–longitudinal interference (A) and interference
between the two transverse polarisations (B). They are connected to the un-
integrated forms of σTT, σLT, τTL and τTT respectively. The structure function
F˜ γ2,QED ≡ 2xF˜ γT,QED + F˜ γL,QED is a combination of these structure functions.
Using this relation and the limit ǫ(y) = ρ(y) = 1, Eq. (28) reduces to
d4σe γ→e ff
dx dQ2 dzp dχ/2π
=
2πα2
xQ4
[
1 + (1− y)2
]
·[
F˜ γ2,QED − F˜ γA,QED cosχ + 12 F˜ γB,QED cos 2χ
]
. (30)
In this equation, zp and χ always refer to the produced fermion. However, to
achieve a structure function F˜ γA,QED, which does not vanish when integrated
over zp, the angle χ is defined slightly differently, as the azimuth of whichever
produced particle (fermion or anti-fermion) has the smaller value of zp, or
cos θ⋆, as shown in Figure 5(b). This definition leaves all the structure functions
unchanged except that F˜ γA,QED now is symmetric in zp, thereby allowing for
an integration over the full kinematically allowed range in zp, namely (1−β)/2
to (1+β)/2. The integration with respect to zp leads to
d3σe γ→e ff
dx dQ2 dχ/2π
=
2πα2
xQ4
[
1 + (1− y)2
]
·[
F γ2,QED − F γA,QED cosχ+ 12F γB,QED cos 2χ
]
. (31)
This formula is used in the experimental determinations of F γA,QED and F
γ
B,QED.
The full set of functions can be found in Ref. [2], here only the functions used
21
for the determination of F γA,QED and F
γ
B,QED are listed:
F γ2,QED(x, β)=
e4fα
π
x
{[
x2 + (1− x)2
]
ln
(
1 + β
1− β
)
−β + 8βx (1− x)− β
(
1− β2
)
(1− x)2 +
(
1− β2
)
(1− x)
[
1
2
(1− x)
(
1 + β2
)
− 2x
]
ln
(
1 + β
1− β
)}
,
F γA,QED(x, β)=
4e4fα
π
x
√
x (1− x) (1− 2x)
{
β
[
1 +
(
1− β2
) 1− x
1− 2x
]
+
3x− 2
1− 2x
√
1− β2 arccos
(√
1− β2
)}
,
F γB,QED(x, β)=
4e4fα
π
x2 (1− x)
{
β
[
1−
(
1− β2
) 1− x
2x
]
+
1
2
(
1− β2
)
[
1− 2x
x
− 1− x
2x
(
1− β2
)]
ln
(
1 + β
1− β
)}
. (32)
Here ef is the charge (in units of the electron charge) of the produced fermion.
The structure functions F γA,QED and F
γ
B,QED are new. In contrast, the structure
function F γ2,QED can be obtained from Eq. (21), together with the cross-sections
listed in Ref. [4], taking the appropriate limit. The corrections compared to the
leading logarithmic approximation are of order O(m2f
W 2
) for F γ2,QED and F
γ
B,QED.
For F γA,QED they are already of order O(mfW ). The structure functions in the
leading logarithmic approximation can be obtained from Eqs. (32) in the limit
β → 1. They are listed, for example, in Ref. [16], and have the following form
F γ2,QED(x, β = 1)=
e4fα
π
x
{[
x2 + (1− x)2
]
ln
W 2
m2f
− 1 + 8x(1− x)
}
,
F γA,QED(x, β = 1)=
4e4fα
π
{
x (1− 2x)
√
x (1− x)
}
,
F γB,QED(x, β = 1)=
4e4fα
π
{
x2 (1− x)
}
. (33)
So far, the structure functions F γA,QED and F
γ
B,QED have only been measured
for the µ+µ− final state using the Q2 range from 1.5−30 GeV2, as discussed in
Section 6. The inclusion of the mass dependent terms significantly changes the
structure functions in the present experimentally accessible range in Q2. The
numerical effect is most prominent at low values of Q2 and gets less important
as Q2 increases, as demonstrated for the case of µ+µ− production. In Figure 12
for Q2 = 1 GeV2, the mass corrections are extremely important, especially at
large values of x, while in Figure 13 for Q2 = 100 GeV2, they are small.
The second measurement of QED structure functions performed by the ex-
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Fig. 12. The structure functions F γ2,QED, F
γ
A,QED and F
γ
B,QED for µ
+µ− final states
at Q2 = 1 GeV2. The structure functions are shown with the full mass dependence
(full) and in the leading logarithmic approximation (dash). Shown are (a) F γ2,QED,
(b) F γA,QED, and (c) F
γ
B,QED.
periments is the measurement of F γ2,QED for Q
2 ≫ P 2, but keeping the full
dependence on the small but finite virtuality of the quasi-real photon P 2. The
structure function F γ2,QED for quasi-real photons in the limit Q
2 ≫ P 2 can be
obtained from Eq. (20), together with the cross-sections listed in Ref. [4]. The
resulting formula is very long and will not be listed here. The result is shown
in Figure 14, together with a compact approximation
F γ2,apr(x, P
2) =
e4fα
π
x
{[
x2 + (1− x)2
]
ln
W 2
m2f + x (1− x)P 2
− 1 + 8x(1− x)− x (1− x)P
2
m2f + x (1− x)P 2
}
, (34)
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Fig. 13. The structure functions F γ2,QED, F
γ
A,QED and F
γ
B,QED for µ
+µ− final states
at Q2 = 100 GeV2. The same quantities as in Figure 12 are shown.
obtained in the limitm2f ≪ Q2,W 2, which is rather accurate for small values of
P 2. However, for P 2 > 0.01 GeV2 the approximation starts to deviate signifi-
cantly from the exact formula and should not be used anymore. The structure
function F γ2,QED is strongly suppressed as a function of P
2 for increasing P 2,
for example, for x = 0.5 and Q2 = 5.4 GeV2 the ratio of F γ2,QED for P
2 = 0
and P 2 = 0.05 GeV2 is 1.4. This suppression is clearly observed in the data,
as discussed in Section 6.
The QED structure functions defined above can only be used for the analysis of
leptonic final states. For hadronic final states the leading order QED diagrams
are not sufficient and QCD corrections are important. Therefore, the cross-
sections and consequently also the structure functions cannot be calculated
and parametrisations are used instead. This is the subject of the next section.
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Fig. 14. The P 2 dependence of the structure function F γ2,QED. The structure function
F γ2,QED (full) and the approximation F
γ
2,apr (dash) are shown for Q
2 = 5.4 GeV2,
and for various P 2 values, 0.001, 0.01, 0.05, 0.1 and 1.0 GeV2.
3.4 Hadronic structure function F γ2
After the first suggestions that the structure functions of the photon may be
obtained from deep inelastic electron-photon scattering at e+ e− colliders in
Refs. [17,18], much theoretical work has been devoted to the investigation of
the hadronic structure function F γ2 . The striking difference between the photon
structure function F γ2 and the structure function of a hadron, for example, the
proton structure function F p2 , is due to the point-like coupling of the photon
to quarks, as shown in Figure 2(b). This point-like coupling leads to the fact
that F γ2 rises towards large values of x, whereas the structure function of a
hadron decreases. Furthermore, due to the point-like coupling, the logarithmic
evolution of the photon structure function F γ2 with Q
2 has a positive slope for
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all values of x, or in other words, the photon structure function F γ2 exhibits
positive scaling violations for all values of x, even without accounting for
QCD corrections. This is in contrast to the scaling violations observed for
the proton structure function F p2 , which exhibits positive scaling violations at
small values of x, and negative scaling violations at large values of x, caused
by pair production of quarks from gluons and by gluon radiation respectively.
In the case of the photon, the ’loss’ of quarks at large values of x due to gluon
radiation is overcompensated by the ’creation’ of quarks at large values of x
due to the point-like coupling of the photon to quarks.
The quark parton model, QPM, already predicts a logarithmic evolution of the
photon structure function F γ2 with Q
2. This was first realised in Refs. [19,20]
based on the calculation of the Q2 dependence of the so-called box diagram,
for the reaction γ⋆ γ → qq¯, shown in Figure 3. The QPM result for quarks of
mass mqk is:
F γ2,QPM(x,Q
2)=Nc
nf∑
k=1
e4qkα
π
x
{[
x2 + (1− x)2
]
ln
W 2
m2qk
− 1 + 8x(1− x)
}
, (35)
where Nc is the number of colours and the sum runs over all active flavours
i = 1, . . . , nf . The QPM formula is equivalent to the leading logarithmic ap-
proximation of F γ2,QED given in Eq. (33). This result, shown in Figure 15 for
three light quark species, is referred to as the calculation of F γ2 based on
the Born term, the box diagram F γ2 , the QPM result for F
γ
2 , or as the QED
structure function F γ2 . In Figure 15 the contributions from the different quark
species are added up for the smallest and largest value of Q2 for which mea-
surements of F γ2 at LEP exist. In this Q
2 range the photon structure function
rises by about a factor of two at large values of x. Due to the dependence on the
quark charge, the photon structure function F γ2 for light quarks is dominated
by the contribution from up quarks.
The pioneering investigation of the photon structure function in the framework
of QCD was performed by Witten in Ref. [21], using the technique of operator
product expansion. The calculation showed that by including the leading log-
arithmic QCD corrections in the limit of large values of Q2, the behaviour of
F γ2 is logarithmic and similar to the QPM prediction. Schematically the result
reads:
F γ2,asy(x,Q
2) = α
a˜(x)
αs
= α
[
a(x) ln
Q2
Λ2
]
. (36)
The term ln(W 2/m2qk) of Eq. (35) is replaced by ln(Q
2/Λ2), which means the
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Fig. 15. The QPM prediction for the structure function F γ2 for light quarks. Shown
are the predictions of Eq. (35) adding up the contributions for light quarks using a
mass of mqk = m = 0.2 GeV for all quark species k = u, d, s. The different curves
correspond to F γ2 from the down quarks alone (dot-dash), F
γ
2 from the down and
up quarks (dash) and also adding strange quarks (full).
mass is replaced by the QCD scale Λ, and W 2 is replaced by Q2, which in
the leading logarithmic approximation is equivalent, because W 2 and Q2 are
related by a term which depends only on x, as can be seen from Eq. (5)
for P 2 = 0. However, the x dependence of F γ2 , as predicted by the QPM,
which treats the quarks as free, is altered by including the QCD corrections.
The result from Witten is called the leading order asymptotic solution for
the photon structure function F γ2 , since it is a calculation of F
γ
2 using the
leading order logarithmic terms, but summing all orders in the strong coupling
constant αs, and for the limit of asymptotically large values of Q
2. The photon
structure function F γ2 in the leading order asymptotic solution is inversely
proportional to αs, and the Q
2 evolution, as well as the normalisation, are
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Fig. 16. Comparison of the parametrisations of the x dependence of the lead-
ing order asymptotic solution of F γ2 . The parametrisations are compared for
Q2 = 10 GeV2, Λ = 0.2 GeV, and for three quark flavours. Shown are in (a) the
structure function F γ2 obtained from the Gordon Storrow parametrisation (full),
the Duke and Owens parametrisation (dash), and the Nicolaidis parametrisation
(dot-dash). In (b) the differences are explored by dividing the older parametrisa-
tions by the Gordon Storrow parametrisation. The result for the Duke and Owens
parametrisation is shown as a dashed line and the result for the Nicolaidis para-
metrisation as a dot-dashed line.
predicted by perturbative QCD at large values of Q2. Therefore, there was
hope that the measurement of the photon structure function would lead to a
precise measurement of αs. However, the asymptotic calculation simplifies the
full equations by retaining only the asymptotic terms, which means the terms
which dominate for Q2 → ∞. The non-asymptotic terms are connected to
the contribution from the hadron-like part of the structure function, shown in
Figure 2(c). The asymptotic solution is well behaved for x → 1 and removes
the divergence of the QPM result for vanishing quark masses, but in the
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limit x → 0 it diverges like x−0.5964, as was already realised in Ref. [21]. The
asymptotic solution has also been re-derived in a diagrammatic approach in
Refs. [22–24], and in Ref. [25], by using the Altarelli-Parisi splitting technique
from Refs. [26,27].
No closed analytic form of the x dependence of the asymptotic solution can
be obtained, since the asymptotic solution is given in moment space using
Mellin moments. Consequently only parametrisations of the x dependence
of the parton distribution functions of the photon, based on the findings of
the asymptotic solution of F γ2 , have been derived. The first parametrisation,
given in Ref. [28], has been obtained by factoring out the singular behaviour
at x → 0 and expanding the remaining x dependence by Jacobi polynomi-
als. Another parametrisation has been obtained in Ref. [29]. The most recent
available parametrisation has been derived in Ref. [30] based on the technique
of solving the evolution equations directly in x space. In Ref. [30], it is com-
pared to the two parametrisations discussed above and it is found to be the
most accurate parametrisation of the asymptotic solution. The predictions of
the parametrisations of the asymptotic solution are compared in Figure 16 for
Q2 = 10 GeV2, Λ = 0.2 GeV, and assuming three quark flavours. The three
parametrisations are rather close to each other in the range 0.2 < x < 0.8,
where they agree to better than 10%, but at larger and smaller values of x the
differences are much larger.
The asymptotic solution, Eq. (36), factorises the x and Q2 dependence of F γ2 ,
which is not the case when solving the evolution equations as discussed in Ap-
pendix B. Figure 17 shows the difference between the asymptotic solution and
the result from the GRV parametrisation of the photon structure function F γ2
from Refs. [31,32]. The GRV parametrisation is obtained by solving the full
evolution equations. In this figure the logarithmic Q2 behaviour is factored out
and the asymptotic solution is compared to the leading order GRV parametri-
sation of F γ2 for several values of Q
2. The asymptotic solution is consistently
lower than the GRV parametrisation in the range 0.2 < x < 0.8, and for all
values of Q2. However the agreement improves with increasing x and Q2. For
example at Q2 = 100 GeV2 the agreement is better than 20%, for the whole
range 0.2 < x < 0.8.
The asymptotic solution has been extended to next-to-leading order in QCD
in Ref. [33], leading to
F γ2,asy(x,Q
2) = α
[
a(x) ln
Q2
Λ2
+ b(x)
]
. (37)
It was found in Ref. [34] that the next-to-leading order corrections to the
asymptotic solution are large at large x, and that the structure function F γ2 is
negative for x smaller than about 0.2. In addition the divergence at low values
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Fig. 17. Comparison of the asymptotic solution and the leading order GRV para-
metrisation of F γ2 . The logarithmic Q
2 dependence is factored out for Λ = 0.2 GeV,
and three quark flavours are assumed. Shown are in (a) the asymptotic solution of
F γ2 using the Gordon Storrow parametrisation (full), and the result of the GRV para-
metrisation (dot-dash) obtained by solving the full evolution equations. The GRV
parametrisation is shown for several values of Q2, 10, 100, 1000 and 10000 GeV2.
In (b) the differences are explored by dividing the Gordon Storrow parametrisation
by the GRV result.
of x gets more and more severe in higher orders in QCD, and also extends to
larger values in x, as discussed in Refs. [35,36]. The divergence at small x of
the perturbative, but asymptotic, result, which is cancelled by including the
non-asymptotic contribution to the photon structure function, has attracted
an extensive theoretical debate. For the real photon, the hadron-like part of
the photon structure function F γ2 cannot be calculated in perturbative QCD,
and only its Q2 evolution is predicted, as in the case of the proton structure
function. Given this, the predictive power of QCD for the calculation of the
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photon structure function is reduced, and the scope for the determining αs
from the photon structure function F γ2 is obscured.
Several strategies have been taken to deal with this problem. It is clear from
the singularities of the asymptotic, point-like, contribution that describing F γ2
as a simple superposition of the asymptotic solution and a regular hadron-like
contribution, as derived, for example, based on VMD arguments, cannot solve
the problem, because a hadron-like part, which is chosen to be regular, will
never remove the singularity. Therefore, either a singular part has to be added
by hand, to remove the singularities of the asymptotic solution, or the singu-
larities have to be dealt with by including the non-asymptotic contribution as
a supplement to the point-like part of the photon structure function F γ2 . The
various approaches attempted along these lines will be discussed briefly.
The first approach to deal with the singularities was suggested and outlined
in Refs. [37]. This method tries to retain as much as possible of the predic-
tive power of the point-like contribution to the structure function, and the
possibility to extract αs from the photon structure function F
γ
2 . The solution
chosen to remove the divergent behaviour consists of a reformulation of the
structure function by isolating the singular structure of the asymptotic, point-
like part at low values of x, based on the analysis of the singular structure of
F γ2 in moment space. Then, an ad-hoc term is introduced
7 , which removes
the singularity and regularises F γ2 , but depends on an additional parameter,
which has to be obtained by experiments, for example, by performing a fit
to the low-x behaviour of F γ2 . Several data analyses using this approach have
been performed, as summarised in Ref. [8].
A second way to separate the perturbative and the non-perturbative part
of the photon structure function, known as the FKP approach, was devel-
oped in Refs. [39–41]. Here, the separation into the perturbative and the non-
perturbative parts of F γ2 is done on the basis of the transverse momentum
squared p2t of the quarks in the splitting γ → qq¯, motivated by the experimen-
tal observation that for transverse momenta above a certain minimum value,
the data can be described by a purely perturbative ansatz. The minimum
transverse momentum squared p2t,0 was found to be of the order of 1−2 GeV2.
Given this large scale, no significant sensitivity of the point-like part of the
photon structure function to αs remains. It has been argued in Ref. [42] that
these values are too high, and that still some sensitivity to αs is left, even when
using the FKP ansatz. The FKP approach has several weaknesses, which are
7 The regularisation term of Ref. [37] is based on the photon-parton splitting func-
tions of Ref. [33]. Unfortunately the photon-gluon splitting function in next-to-
leading order erroneously contained a factor δ(1 − x), which was removed later in
Refs. [38,31]. As discussed in Ref. [31], this weakens the next-to-leading order sin-
gularity at low values of x, and therefore, it will also affect the exact form of the
proposed regularisation term of Ref. [37].
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discussed, for example, in Refs. [43,44]. The main shortcomings are that terms
are included which formally are of higher order, and that the parametrisation
is based only on ’valence quark’ contributions, which means that F γ2 vanishes
in the limit x → 0, whereas the ’sea quarks’ result in a rising F γ2 at small
values of x. This ansatz is therefore currently not widely used.
The last approach discussed here is outlined in Refs. [45,46], and is driven by
the observation that by using the full evolution equations, the solution to F γ2
is regular both in leading and in next-to-leading order for all values of x. The
method is analogous to the proton case and the starting point is the definition
of input parton distribution functions for the photon at a virtuality scale Q20.
The relation between the quark parton distribution functions qγk and the struc-
ture function F γ2 in leading order is given by the following relation
F γ2 (x,Q
2) =x
nf∑
k=1
e2qk
[
qγk(x,Q
2) + q¯γk(x,Q
2)
]
, (38)
The flavour singlet quark part Σγ(x,Q2) and the flavour non-singlet part
qγNS(x,Q
2) of the photon structure function are defined by
F γ2 (x,Q
2) =x
[
qγNS(x,Q
2) + 〈e2〉Σγ(x,Q2)
]
, (39)
such that
Σγ(x,Q2) =
nf∑
k=1
[
qγk(x,Q
2) + q¯γk(x,Q
2)
]
,
qγNS(x,Q
2) =
nf∑
k=1
[
e2qk − 〈e2〉
] [
qγk(x,Q
2) + q¯γk(x,Q
2)
]
, (40)
where 〈e2〉 = 1/nf ∑nfk=1 e2qk is the average charge squared of the quarks.
The input distribution functions are evolved in Q2 using the QCD evolution
equations. With this, the x dependence at an input scale Q20 has to be obtained
either from theoretical considerations, which are usually based on VMD ar-
guments if Q20 is chosen as a low scale, or fixed by a measurement of the
structure function F γ2 . This approach gives up the predictive power of QCD
for the normalisation of the photon structure function and retains only, as in
the proton case, the αs sensitivity of QCD to the Q
2 evolution. Because the
evolution with Q2 is only logarithmic, the length of the lever arm in Q2 is
very important, and consequently the sensitivity to αs crucially depends on
the range of Q2 where measurements of F γ2 can be obtained.
32
There are several groups using this approach. They differ however in the choice
of Q20, the factorisation scheme, and the assumptions concerning the input par-
ton distribution functions at the starting scales. The mathematical framework
is outlined in Appendix B, following the discussion given in Ref. [47], and the
available parton distribution functions are reviewed in Section 4. Using this
framework the predictions of perturbative QCD on the evolution of F γ2 can
be experimentally tested by first fixing the non-perturbative input by measur-
ing F γ2 at some value of Q
2 and then exploring the evolution of F γ2 for fixed
values of x as function of Q2. Given the large lever arm in Q2 from 1 GeV2
to about 1000 GeV2 when exploiting the full statistics from LEP at all e+ e−
centre-of-mass energies, there is some sensitivity left for measuring αs from
the photon structure function, especially at large values of x, as discussed in
detail in Ref. [48,16]. This completes the discussion of the quasi-real photons,
and virtual photons are discussed in the following.
For virtual photons the point-like contribution to the photon structure func-
tion F γ2 has been derived in the limit Q
2 ≫ P 2 ≫ Λ2 in leading order in
Ref. [49], and in next-to-leading order in Ref. [50]. The solution is positive
and finite for all values of x. It was expected that the contribution from the
hadron-like component is negligible in this limit. However, a recent investiga-
tion discussed in Section 4 showed that this is only true at large values of x
and P 2. The leading order result of the purely perturbative calculation from
Ref. [49] is shown for three light quarks in Figure 18, using two values of Q2,
10 and 100 GeV2, and for two values of P 2, 0.5 and 1.0 GeV2, which are
accessible within the LEP2 programme. In addition the dependence on the
QCD scale Λ is shown, which, although not unambiguously defined in leading
order, already gives an indication of the sensitivity to αs. The sensitivity to Λ
does not change very much within the chosen range of Q2 and P 2, but there
is a strong dependence on x. The most promising region is at large values of
x, where the remaining contributions from the hadron-like part of the photon
structure function F γ2 are very small. In this region F
γ
2 varies by about 10-20%
if Λ is changed from 0.1 to 0.5 GeV. This means that a 5% measurement of
F γ2 would be desirable in this region to constrain Λ, which is very challenging
given the small cross section and the difficult experimental conditions.
The above discussion applies to the light quarks u, d, s. Due to the large scale
established by their masses, the contribution of heavy quarks to the photon
structure functions can be treated differently. At present collider energies, only
the contribution of charm quarks to the structure function F γ2 is important.
The contributions of the bottom quark and the even heavier top quark can,
however, be calculated similarly to those of the charm quarks. Like the struc-
ture function F γ2 for light quarks, the structure function for heavy quarks F
γ
2,h,
h = c, b, t, receives contributions from the point-like and the hadron-like com-
ponent of the photon. The leading order diagrams are shown in Figure 19. For
invariant masses near the production threshold W = 2mh, the most accurate
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Fig. 18. The structure function F γ2 in the limit Q
2 ≫ P 2 ≫ Λ2. Shown is the
leading order structure function F γ2 in the limit studied by Uematsu and Walsh
(UW) for three flavours and for several values of Λ, 0.1 (full), 0.2 (dash) and 0.5
(dot-dash) and using different values for Q2 and P 2. In all figures the predictions
for Q2 = 10 and 100 GeV2 are shown. In (a) and (c) P 2 = 0.5 GeV2 is used, and
(b) and (d) are for P 2 = 1 GeV2. The structure function F γ2 is shown in (a,b), and
the figures (c,d) explore the dependence on Λ by showing the structure function F γ2
for Λ = 0.2 and 0.5 GeV divided by the prediction for Λ = 0.1 GeV.
treatment of the point-like contribution of heavy quarks to the structure func-
tion is given by the prediction of the lowest order Bethe-Heitler formula. Due
to the large mass scale QCD effects are small and this QED result is in gen-
eral sufficient. The structure function can be obtained from Eq. (20), together
with the cross-sections listed in Ref. [4]. The resulting formula is very long
and the approximation made in Ref. [51], which is valid for 2xP 2/Q2 ≫ 1, is
sufficiently accurate in most cases and is used, for example, when constructing
parton distribution functions. This approximation for virtual photons P 2 > 0
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Fig. 19. The leading order contributions to F γ2,h. Shown are examples of leading
order diagrams contributing to (a) the point-like, and (b) the hadron-like part of
the heavy quark structure function F γ2,h, with Q = c, b, t.
is given by
F γ2,h=Nc
e4qhα
π
x
{[
x2 + (1− x)2
]
ln
1 + βγ
1− βγ
−β + 6βx (1− x)
+
[
2x (1− x)− 1− γ
2
1− β2 −
(
1− β2
)
(1− x)2
]
βγ (1− β2)
1− β2γ2
+
(
1− β2
)
(1− x)
[
1
2
(1− x)
(
1 + β2
)
− 2x
]
ln
(
1 + βγ
1− βγ
)}
with:
γ=
√
1− 4x
2P 2
Q2
, and β =
√
1− 4m
2
h
W 2
. (41)
For real photons, P 2 = 0 and γ = 1, this reduces to F γ2,QED as given in
Eq. (32). For real photons the next-to-leading order predictions have also
been calculated in Ref. [52].
For the hadron-like contribution the photon-quark coupling must be replaced
by the gluon-quark coupling, e4qhα → e2qhαs/6, and the Bethe-Heitler formula
has to be integrated over the allowed range in fractional momentum of the
gluon. The hadron-like contribution, discussed in Section 4, is only important
at small values of x. The dominant point-like contribution to the structure
function F γ2 for charm and bottom quarks, using mc = 1.5 GeV and mb =
4.5 GeV, is shown in Figure 20 for three values of Q2, 10, 100 and 1000 GeV2,
and three values of P 2, 0, 1 and 5 GeV2. Several observations can be made.
The structure functions rises with Q2 and also, due to Eq. (6), the large x part
is more and more populated. Due to their small charge and large mass, the
contribution from bottom quarks is very small. The suppression with P 2 is
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Fig. 20. The point-like heavy quark contribution to F γ2 for various values of Q
2.
Shown are in (a) the contribution of charm quarks, F γ2,c, and in (b) the contribu-
tion of bottom quarks, F γ2,b, to the photon structure function. Both contributions
are calculated for three values of Q2, 10 GeV2 (dot-dash), 100 GeV2 (dash), and
1000 GeV2 (full). At each Q2, three curves are shown, which correspond to P 2 = 0, 1
and 5 GeV2, where the suppression of F γ2 gets stronger for increasing P
2. To put
both contributions on the same scale the bottom part has been multiplied by 30 as
indicated in the figure.
stronger for the charm quarks since they are lighter than the bottom quarks.
At large Q2 and large invariant masses, W ≫ 2mh, the mass of the heavy
quarks can be neglected in the evolution of F γ2 , provided that the usual con-
tinuity relations are respected and the appropriate number of flavours are
taken into account in Λ. This concludes the discussion on the hadronic struc-
ture function F γ2 , and the remaining part of this section is devoted to the
electron structure function and to radiative corrections to the deep inelastic
scattering process.
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Recently, as described, for example, in Refs. [14,53–55] it has been proposed
not to measure the photon structure function, but to measure the electron
structure function instead. In measuring the electron structure function the
situation is similar to the measurement of the proton structure function in
the sense that the energy of the incoming particle, the electron in this case, is
known. Therefore there is probably no need for an unfolding of x, explained
in Section 5, which is needed for the measurement of the photon structure
function. This, on first sight, is an appealing feature since it promises greater
precision in the measurement of the electron structure function than in the
measurement of the photon structure function. But, as already discussed in
Ref. [56], the advantage of greater measurement precision is negated by uncer-
tainties which arise in interpreting the results in terms of the photon structure,
because the differences in the predictions of the photon structure functions are
integrated out. The region of low values of xe = xz receives contributions from
the regions of large momentum fraction x and low scaled photon energy z, and
small momentum fraction x and large scaled photon energy z. Due to this,
largely different photon structure functions lead to very similar electron struc-
ture functions, as was demonstrated in Ref. [56]. Given this, further pursuit of
this method does not seem very promising, since it does not give more insight
into the structure of the photon.
The last topic discussed in this section is the size of radiative corrections.
Radiative corrections to the process ee→ eeγ⋆ γ → eeX have been calculated
for a (pseudo) scalar particle X in Refs. [57–60] and for the µ+µ− final state
in Refs. [60–62]. It has been found that they are very small, on the per cent
level, for the case where both photons have small virtualities and the scattered
electrons are not observed. Consequently the equivalent photon approximation
has only small QED corrections. For the case of deep inelastic electron-photon
scattering a detailed analysis has been presented in Refs. [63,64]. The theoret-
ical calculation is performed in the leading logarithmic approximation which
means that the corrections are dominated by radiation from the deeply in-
elastically scattered electron. Only photon exchange is taken into account,
since Z boson exchange can be safely neglected at presently accessible val-
ues of Q2. The calculation is analogous to the experimental determination of
the kinematical variables. The momentum transfer squared Q2 is determined
from the scattered electron, whereas x is based on mixed variables, which
means Q2 is obtained from the scattered electron and W 2 is taken from the
hadronic variables. The radiative corrections are dominated by initial state
radiation, whereas final state radiation and the Compton process are found
to contribute very little. Final state radiation is usually not resolved exper-
imentally due to the limited granularity of the electromagnetic calorimeters
used. The Compton process contributes less than 0.5% to the cross-section for
the range 3.2 · 10−4 < x < 1 and 3.2 < Q2 < 104 GeV2. The contribution
of initial state radiation is usually negative and for a given Q2 its absolute
value is largest at the smallest accessible x and decreases with increasing x.
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For most of the phase space covered by the presently available experimental
data the radiative corrections amount to less than 5%.
Due to the capabilities of the Monte Carlo programs used in the experimental
analyses of photon structure functions discussed in Section 5.1, the radiative
corrections are usually neglected in the determination of F γ2 . They are, how-
ever, accounted for when measuring F γ2,QED.
3.5 Vector meson dominance and the hadron-like part of F γ2
In this section the parametrisations of the hadron-like part F γ2,had of the pho-
ton structure function, which are constructed based on VMD arguments, are
briefly reviewed. Only the main arguments needed to construct F γ2,had are
given, for details the reader is referred to the original publications. There
have been several attempts to derive the hadron-like part of the photon struc-
ture function F γ2,had based on VMD arguments motivated by the fact that the
photon can fluctuate into a ρ meson. No precise data on the structure function
of the ρ meson exist, and the structure function of the ρ is approximated by
the structure function of the pion, F π2 . In the first attempts to measure the
photon structure function F γ2 , it was approximated by the sum of the point-
like and the hadron-like part, where F γ2,had was constructed as a function of
x alone, and its Q2 evolution was ignored. In the context of the evolution of
the parton distribution functions, the Q2 dependence given by perturbative
QCD is also taken into account, and only the x dependence at the scale Q20
is obtained from VMD arguments. These two issues will be discussed in the
following.
The most widely used approximation for an Q2-independent hadron-like com-
ponent of the photon structure function F γ2 was obtained in Ref. [65,66]. The
quark distribution functions of the ρmeson are taken to be xqρi (x) = 1/2(1−x)
and the photon is modelled as an incoherent sum of ρ and ω, leading to
F γ2,had =
8
9
4πα
f 2ρ
xqρi (x) = α [0.2(1− x)] , (42)
where f 2ρ is the ρ decay constant with 4π/f
2
ρ = 1/2.2, as taken from Ref. [8].
This approximation was used in several measurements of the photon structure
function F γ2 given in Refs. [67–71]. A similar parametrisation has been pro-
posed by Duke and Owens in Ref. [34]. This parametrisation, which is assumed
to be valid at Q2 = 3 GeV2, is given by
F γ2,had =
4πα
f 2ρ
[
0.417
√
x(1− x) + 0.133(1− x)5
]
. (43)
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Parametrisations of F γ2,had have been obtained experimentally from a mea-
surement of the photon structure function F γ2 by the TPC/2γ experiment and
from measurements of the pion structure function F π2 , for example, by the NA3
experiment. The parametrisation obtained in Ref. [72] by the TPC/2γ exper-
iment, is based on a measurement of F γ2 in the range 0.3 < Q
2 < 1.6 GeV2,
with an average value of 〈Q2〉 = 0.7 GeV2. The fit to the data yields
F γ2,had=α
[
(0.22± 0.01)x0.31±0.02(1− x)0.95+
(0.06± 0.01)(1− x)2.5±1.1
]
. (44)
The pion structure function F π2 has been measured from the Drell-Yan process
by the NA3 experiment for an average invariant mass squared of the µ+µ−
system of 25 GeV2, as detailed in Ref. [73]. The NA3 data have been refitted
by the TPC/2γ experiment and the best fit to the data, as listed in Ref. [72],
is given by
F π2 = α
[
0.22x0.41(1− x)0.95 + 0.26(1− x)8.4
]
, (45)
where the first part describes the contribution from valence quarks and the sec-
ond part is the result for the sea quark contribution. In Figure 21(a), the the-
oretically motivated parametrisations, Eqs. (42) and (43), are shown, together
with the experimentally determined parametrisations, Eqs. (44) and (45). In
the region of large values of x the various parametrisations are rather similar.
In contrast, for small values of x, where there was no precise data, the different
parametrisations show a large spread. However, the Q2 dependence has not
been taken into account in these parametrisations and the parametrisations
are determined for different values of Q2.
The inclusion of the Q2 dependence of F γ2,had has been performed by several
groups when constructing the parton distribution functions as discussed in
Section 4. As examples, the leading order parton distribution functions of
Gordon and Storrow, taken from Ref. [30], and Glu¨ck, Reya and Vogt taken
from Refs. [31,32], are discussed, which use VMD motivated input distribution
functions based on measurements of F π2 . In deriving the input distribution
functions several assumptions are made.
1. The photon is assumed to behave like a ρ meson, which means that F γ2,had
can be expressed as
F γ2,had = κ
4πα
f 2ρ
nf∑
k=1
e2qkxq
ρ
k(x) ,
where f 2ρ has been defined above and κ is a proportionality factor to take
into account higher mass mesons using an incoherent sum.
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Fig. 21. Comparison of parametrisations of the hadron-like contribution to the pho-
ton structure function F γ2 . Shown are in (a) the theoretically motivated parametrisa-
tions obtained by Peterson Walsh and Zerwas, (PWZ, full), and Duke and Owens,
(DO, dash), together with the experimentally determined parametrisations from
the TPC/2γ, (TPC/2γ, dot-dash), and the NA3, (NA3, dot), experiments. The
evolution of the hadron-like part of F γ2,had is shown in (b), for the leading order
parametrisations from Glu¨ck, Reya and Vogt, (GRV, full), for several values of Q2.
In addition shown is the hadron-like input distribution from Gordon and Storrow,
(GS, dash), which is valid for Q2 = 5.3 GeV2.
2. The structure function of the ρ meson is assumed to be the same as the
structure function of the π0, which is expressed as half the sum of the π+
and π− structure functions.
3. The constituent quarks of the pions have a valence, v, and a sea, ξ, contri-
bution, and the other quarks have only a sea contribution. For example,
in the π+ the up quark has valence and sea contributions, whereas the d¯
has only a sea contribution. In addition, the valence quark distributions
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Fig. 22. The Q2 dependence of the photon structure function F γ2 in comparison to
the hadron-like contribution. The GRV parametrisation of the structure function
F γ2 in leading order is compared to the hadron-like part of F
γ
2 taken as predicted by
the evolved hadron-like input distribution function of the GRV parametrisation of
the photon structure function F γ2 . Both functions are shown for four active flavours.
are assumed to be the same for all quark species, as are the sea quark
contributions.
Then by using Eq. (38), for example, for three light quark species, F γ2,had =
α 2.0/2.2 (5v − 9ξ)/9 is obtained. In the case of the leading order GRV par-
ton distribution functions of the photon the valence and the sea parts are
expressed at Q20 = 0.25 GeV
2 by the published parton distribution functions
of the pion, as given by Ref. [74]. In the case of the Gordon Storrow parton
distribution functions the VMD contribution is derived using basically the
same assumptions. The parametrisation at the input scale Q20 = 5.3 GeV
2,
and for three light quark species, taken from Ref. [30], is given by
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F γ2,had=α
[
1.3360
√
x(1− x) + 0.641(1− x)5 + 6
27
0.0742
√
x(1− x)5
]
.(46)
In Figure 21(b) the two parametrisations are compared for three flavours,
and in addition the Q2 evolution of the GRV prediction is studied. The
parametrisation from GRV is shown at the scale where the evolution starts,
Q20 = 0.25 GeV
2, at the scale where the parametrisation from GS is derived,
Q2 = 5.3 GeV2, and for two large scales Q2 = 100 and 1000 GeV2. The evo-
lution slowly reduces F γ2,had at large values of x with increasing Q
2, and also
creates a steep rise of F γ2,had at low values of x, as in the case of the proton
structure function F p2 . At Q
2 = 5.3 GeV2 the two parametrisations are similar
for x > 0.2, but at smaller values of x the GRV parametrisation has already
evolved a steep rise, which is purely driven by the evolution equations and
not based on data. This rise cannot be obtained in the case of the GS para-
metrisation, because this parametrisation is obtained from a fit to data for
Q2 > 5.3 GeV2, which do not cover the region of small x.
The importance of the hadron-like contribution to the structure function F γ2
decreases for increasing Q2, as can be seen from Figure 22, where the hadron-
like contribution is shown together with the full structure function F γ2 as
predicted by the leading order GRV parametrisation, both using nf = 4, for
increasing values of Q2. At the input scale the two functions coincide by con-
struction. However, as Q2 increases there is a strong rise of F γ2 and a slow
decrease of F γ2,had at large values of x.
3.6 Alternative predictions for F γ2
There have been several attempts to construct the photon structure function
F γ2 differently from the leading twist procedure to derive F
γ
2 from the evolution
equations, as described in Appendix B. These attempts, which include power
corrections, will be summarised briefly below.
The model for F γ2 from Ref. [75] is an extension of the model constructed
for the proton case in Refs. [76,77]. It describes F γ2 as a superposition of a
hadron-like part based on a VMD estimate and a point-like part given by the
perturbative QCD solution of F γ2 , suppressed however by 1/Q
2
0 at low values
of Q2.
F γ2 (W
2, Q2)=F γ2,had(W
2, Q2) + F γ2,pl(W
2, Q2)
=
3Q2
4π2α2
∑
ρ,ω,φ
M3V Γ
V
e+ e− σγV(W
2)
(Q2 +M2V)
2
+
Q2
Q2 +Q20
· F γ2
(
Q2 +Q20
Q2 +W 2
, Q2 +Q20
)
(47)
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HereMV is the mass and Γ
V
e+ e− the leptonic width of the vector meson V , and
Q20 = 1.2 GeV
2, as in Ref. [76]. The total cross-sections σγV are represented
by the sum of pomeron and reggeon contributions with parameters given in
Ref. [78]. For moderate values of Q2 the structure function F γ2 is given by
this ad-hoc superposition and in the limit of high Q2 the perturbative QCD
solution of F γ2 is recovered, but with 1/Q
2 corrections from the hadron-like
part. The model has been shown to describe the results of the measured σγ⋆γ
cross-sections from Ref. [79] for the ranges 0.2 < Q2 < 7 GeV2 and 2 < W <
10 GeV.
The model for F γ2 from Ref. [80] relies on the Gribov factorisation described
in Ref. [81]. This factorisation is based on the assumption that at high en-
ergies the total cross-section of two interacting particles can be described by
a universal pomeron exchange. In the model for F γ2 it is assumed that this
factorisation also holds for virtual photon exchange at low values of x, as ex-
plained in Ref. [82]. Using this, the Gribov factorisation relates the ratio of
the photon-proton and proton-proton cross-sections to the ratio of the photon
and proton structure functions
F γ2 (x,Q
2) = F p2 (x,Q
2)
σγp(W
2)
σpp(W 2)
. (48)
In this framework a prediction for the photon structure function at low values
of x can be obtained from the measurement of the proton structure function
F p2 at low values of x. This extends the knowledge of F
γ
2 to lower values of x
because the results on F p2 reach down to x ≈ 10−4, whereas the data on F γ2
probe only the photon structure down to x ≈ 10−3. However, this information
can never replace a real measurement of F γ2 . The parton distribution functions
are constructed using a phenomenological ansatz similar to the LAC case
described in Section 4 for four massless quark flavours. All quark distribution
functions have the same functional form and the strange and charm quarks
are suppressed with respect to the up and down quarks simply by constant
factors. The parametrisation of F γ2 is obtained for Q
2
0 = 4 GeV
2 from a fit
to the data of the photon structure function F γ2 from Refs. [83–86,67,87,69–
72] and the proton structure function data for x < 0.01. Unfortunately the
starting scale of the evolution is too high so that no valid comparisons with
the low Q2 measurements of F γ2 can be made.
The model for F γ2 from Ref. [88] is based on the the assumption that forW
2 ≫
Q2 the cross-section and, by using Eq. (21), also the structure function F γ2 can
be described mainly by pomeron exchange. The published data from Refs. [89–
91], and preliminary results from Refs. [92], are used in the comparison which
is performed for W 2 > 225 GeV2. It is found that for the region where data
exist the contribution from the pomeron exchange is insufficient to describe
the data, and that the contribution from the hadron-like part of the photon
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structure is important. The hadron-like component is modelled by the valence-
like pion structure function but, even including this component, the prediction
is significantly below the data for Q2 > 2 GeV2.
The models discussed above will not be considered further. In contrast, in this
review all comparisons of data and theory will be based on the asymptotic
solution of F γ2 and on the parametrisations of F
γ
2 reviewed in the next section.
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4 Parton distribution functions
There exist several parton distribution functions for real, and also for virtual
photons, in leading and next-to-leading order, which are based on the full
evolution equations discussed in Appendix B. They are constructed very sim-
ilarly to the parton distribution functions of the proton. The various parton
distribution functions for the photon differ in the assumptions made about the
starting scale Q20, the input distributions assumed at this scale, and also in the
amount of data used in fitting their parameters. The distributions basically
fall into three classes depending on the theoretical concepts used. The first
class, consisting of the DG, LAC and WHIT parton distribution functions 8 ,
are purely phenomenological fits to the data, starting from an x-dependent
ansatz for the parton distribution functions. The second class of parametri-
sations base their input distribution functions on theoretical prejudice and
obtain them from the measured pion structure function, using VMD argu-
ments and the additive quark model, as done in the case of GRV, GRSc and
AFG, or on VMD plus the quark parton model result mentioned above, as
done in the GS parametrisation. The third class consists of the SaS distri-
butions which use ideas of the two classes above, and in addition relate the
input distribution functions to the measured photon-proton cross-section. The
main features of the different sets are described below, concentrating on the
predictions for F γ2 derived from the parametrisations. The individual parton
distribution functions, for example, the gluon distribution functions are not
addressed, only their impact on F γ2 is discussed. For more details the reader
is referred to the original publications.
1. DG [93]: The first parton distribution functions were obtained by Drees
and Grassie. This approach uses the evolution equations in leading order
with Λ = 0.4 GeV. The x-dependent ansatz for the input distributions
at Q20 = 1 GeV
2 is parametrised by 13 parameters and fitted to the
only data available at that time, the preliminary PLUTO data at Q2 =
5.3 GeV2 from Ref. [94]. Due to the limited amount of data available,
further assumptions had to be made. The quark distribution functions
for quarks carrying the same charge are assumed to be equal, qγd = q
γ
s
and qγu = q
γ
c , and the gluon distribution function is generated purely
dynamically, which means the gluon input distribution function is set
to zero. Three independent sets are constructed for nf = 3, 4, 5, which
means that they are not necessarily smooth at the flavour thresholds.
The charm and bottom quarks are treated as massless and enter only
via the number of flavours used in the evolution equations. They are
included for Q2 > 20 and 200 GeV2 respectively. The parametrisations
8 The parton distribution functions are usually abbreviated with the first letters of
the names of the corresponding authors, which will be mentioned below.
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clearly suffer from limited experimental input and they are not widely
used today for measurements of F γ2 .
2. LAC [95]: The parametrisations from Levy, Abramowicz and Charchula
use essentially the same procedure as the ones from Drees and Grassie,
but are based on much more data, and therefore no assumptions on
the relative sizes of the quark input distribution functions are made.
An x-dependent ansatz, similar to the DG ansatz, using 12 parameters
is evolved using the leading order evolution equations for four massless
quarks, where Λ is fixed to 0.2 GeV. The charm quark contributes only
for W > 2mc, otherwise the charm quark is treated as massless. No par-
ton distribution function for bottom quarks is available. Three sets are
constructed which differ from each other in the starting scale Q20 and in
the assumptions made concerning the gluon distribution. The sets LAC1
and LAC2 start from Q20 = 4 GeV
2, whereas LAC3 uses Q20 = 1 GeV
2.
In addition, the sets LAC1 and LAC2 differ in the parametrisation of
the gluon distribution. In the set LAC1 the gluon distribution is as-
sumed to be xg(x) ∼ xb(1 − x)c, where b and c are fitted to the data,
while the set LAC2 fixed b = 0. The data used in the fits are from
Refs. [83,96,67,68,97,98,69,70,99,100,72]. The structure function F γ2 ob-
tained from the LAC parametrisations is shown in Figure 23 for two
typical values of Q2 where data are available from the LEP experiments,
Q2 = 5 and 135 GeV2. The sets LAC1 and LAC2 are almost identical
for x > 0.2 for both values of Q2, and although the gluon distribution
function of the set LAC3 is very different from the ones used in the sets
LAC1 and LAC2, as can be seen from Ref. [95], the structure function
F γ2 differs by less than 15% for x > 0.2. For x < 0.2 and at low val-
ues of Q2 however the differences in the predictions are larger than the
experimental errors.
3. WHIT [101]: The parametrisations of parton distribution functions of
the photon from Watanabe, Hagiwara, Izubuchi and Tanaka use a lead-
ing order approach, with three light flavours and a starting scale of
Q20 = 4 GeV
2. The charm contribution, with mc = 1.5 GeV, is added
according to the Bethe-Heitler formula in the region 4 < Q2 < 100 GeV2,
while for higher values, Q2 > 100 GeV2, the massive evolution equations
from Ref. [102] are used. No parton distribution function for bottom
quarks is available. The distributions of the light quarks are separated
into distributions for valence quarks and distributions for sea quarks,
which are linear combinations of the flavour singlet and non-singlet con-
tributions to F γ2 , introduced in Eq. (40). The valence quark distributions
describe the quarks which directly stem from the photon and they are
parametrised as functions of x atQ20. The sea quark distributions, account
for the quarks produced in the process γ⋆g → qq¯, and atQ2 = Q20 they are
approximated by the Bethe-Heitler formula using 0.5 GeV for the mass of
the three light quark species. The QCD scale is taken to be Λ = 0.4 GeV.
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Fig. 23. The structure function F γ2 from the LAC parton distribution functions.
Shown is the predicted structure function F γ2 for the three sets LAC1-3 for two
values of Q2. In (a) the prediction is shown on a logarithmic scale in x and for
Q2 = 5 GeV2, whereas in (b) a linear scale is used for Q2 = 135 GeV2.
The gluon distribution function is parametrised as xg(x) = a(c+1)(1−x)c
and six sets with a = 0.5, 1 and c = 3, 9, 15 are constructed, all being con-
sistent with the data of the structure function F γ2 used in the fits. The
data used are published data from Refs. [83,67,103,68–70,72] and pre-
liminary data from Refs. [104–106]. They are subject to an additional
requirement of xmin > Q
2/(Q2 +Wmaxvis ), which is introduced to remove
the part of the data that was taken at the upper acceptance boundary in
W 2, which means at low values of x.
The different predictions for F γ2 of the various sets are shown in Fig-
ure 24 for Q2 = 100 GeV2. Figure 24(a) shows the individual sets and
in Figure 24(b) they are all normalised to the set WHIT1. The kink in
the distributions in Figure 24(a) at x ≈ 0.9 is typical for all 4 flavour
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Fig. 24. The structure function F γ2 from the WHIT parton distribution functions.
The structure function F γ2 is shown in (a) for the individual sets WHIT1-6 and in
(b) the sets WHIT2-6 are all divided by the set WHIT1. The individual sets in (a)
fall into two groups containing three curves each, which coincide at large values of
x. The sets WHIT1-3 predict a higher structure function at large values of x than
the sets WHIT4-6 and at low values of x the sets WHIT4-6 start rising earlier for
decreasing values of x than the sets WHIT1-3.
parametrisations of F γ2 using massive charm quarks, and is due to the
charm quark mass threshold. Only for x values to the left of the thresh-
old is charm production possible, and the threshold varies with Q2, as
can be seen from Eq. (6) and Figure 20. The sets fall into two groups de-
pending in the value of the parameter a, with WHIT1-3 having a = 0.5,
and WHIT4-6 using a = 1. The larger value of a makes the sets WHIT4-6
start rising earlier for decreasing values of x. The two groups agree with
each other to better than 5% for x > 0.3, and for small x, where the
gluon part becomes important, they differ by more than a factor of two.
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For most of the data on F γ2 the difference between the individual sets is
much smaller than the experimental accuracy. But at small values of x
the data are precise enough to disentangle the very different predictions
of the various sets.
4. GRV [31,32]: The parton distribution functions from Glu¨ck, Reya and
Vogt are constructed using basically the same strategy which is also
successfully used for the description of the proton and pion structure
functions. The parton distribution functions are available in leading or-
der and next-to-leading order. They are evolved from Q20 = 0.25 GeV
2
in leading order and from Q20 = 0.30 GeV
2 in next-to-leading order.
The starting distribution is a hadron-like contribution based on VMD
arguments, by using the parton distribution functions of the pion from
Ref. [74], the similarity of the ρ and π mesons, and a proportionality
factor, κ, to account for the sum of ρ, ω and φ mesons, as explained in
detail in Section 3.5. The functional form of the starting distribution is
qγ = q¯γ = gγ = κ4πα
f2ρ
fπ(x,Q
2
0), where xfπ(x,Q
2
0) ∼ xb(1−x)c with b > 0.
The parameter 1/f 2ρ = 2.2 is taken from Ref. [8], leaving κ as the only
free parameter, which is obtained from a fit to the data in the region
0.71 < Q2 < 100 GeV2, for W > 2 GeV, to avoid resonance produc-
tion. The point-like contribution is chosen to vanish at Q2 = Q20 and for
Q2 > Q20, it is generated dynamically using the full evolution equations,
as is also done for the evolution of the hadron-like component. The full
evolution equations for massless quarks, with Λ = 0.2 GeV, are used in
the DISγ factorisation scheme, while removing all spurious higher order
terms. The charm and bottom quarks are included via the Bethe-Heitler
formula for mc = 1.5 GeV and mb = 4.5 GeV, and at high values of W
they are treated as massless quarks in the evolution. The data used in
the fits are published data from Refs. [83,67,98,68,97,69,70,99,100,72] and
preliminary data from Refs. [96], all subject to the additional requirement
W > 2 GeV mentioned above. The leading order and next-to-leading or-
der predictions are shown in Figure 25 for several values of Q2. The values
chosen are: a very low scale, the lowest Q2 value where a measurement of
F γ2 from LEP is available, and two typical values of Q
2 for structure func-
tion analyses at LEP, Q2 = 0.8, 1.9, 15 and 100 GeV2. The behaviour of
the leading order and next-to-leading order predictions are rather differ-
ent at very low and at high values of x. In the central part 0.1 < x < 0.9,
and for Q2 = 1.9 GeV2 they differ by no more than 20%. Because none of
the predictions is consistently higher in this region, and since the experi-
ments integrate over rather large ranges in x when measuring the photon
structure function F γ2 , it will be very hard to disentangle the two in this
region in the near future. At lower values of x however the data start to
be precise enough.
5. AFG [107]: The strategy used in constructing these parametrisations by
Aurenche, Fontannaz and Guillet is very similar to the one used for the
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Fig. 25. Comparison of the GRV leading order and next-to-leading order parametri-
sations of the photon structure function F γ2 . In (a) the photon structure function
F γ2 is shown in leading order (dash) and next-to-leading order (full), for four active
flavours and for several values of Q2, 0.8, 1.9, 15 and 100 GeV2, and in (b) the ratio
of the next-to-leading order and the leading order parametrisations is explored for
the same values of Q2.
GRV parametrisations. The starting scale for the evolution is very low,
Q20 = 0.5 GeV
2. This value is obtained from the requirement that the
point-like contribution to the photon structure function vanishes at Q2 =
Q20. Consequently, the input is taken as purely hadron-like, based on VMD
arguments, where a coherent sum of low mass vector mesons ρ, ω and φ is
used. The AFG distributions are obtained in the MS factorisation scheme.
Therefore the input distributions contain an additional technical input, as
shown in Eq. (B.17), which was derived from a study of the factorisation
scheme dependence and the momentum integration of the box diagram.
With this choice of the factorisation scheme and the technical input, the
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parton distribution functions are universal and process independent. In
contrast, the DISγ scheme introduces a process dependence, because the
C2,γ as given by Eq. (B.14), which is absorbed into the quark distribution
functions when using the DISγ scheme, contains process dependent terms,
as explained in Ref. [107]. The evolution is performed in the massless
scheme for three flavours for Q2 < m2c = 2 GeV
2 and for four flavours
for Q2 > m2c , always using Λ = 0.2 GeV. No parton distribution function
for bottom quarks is available. An additional scale factor, K, is provided
to adjust the VMD contribution. In the standard set this parameter is
fixed to K = 1. Otherwise K is obtained from a fit to published data
taken from Refs. [83,67–70]. In Figure 26 the higher order prediction of
F γ2 from AFG is compared to the GRV prediction for three values of Q
2,
2, 15 and 100 GeV2. At low Q2 there are large differences between the
two predictions which tend to get smaller as Q2 increases.
6. GS [30,108]: The parton distribution functions from Gordon and Storrow
are available in leading and in next-to-leading order. They were first con-
structed in Ref. [30], starting the evolution at Q20 = 5.3 GeV
2, and later
updated in Ref. [108] by including more data, and reducing the starting
scale to Q20 = 3.0 GeV
2. Since the data on the photon structure function
F γ2 only indirectly constrain the gluon distribution of the photon, a first
attempt was made to fit jet production data from TOPAZ [109,71], and
AMY [110], which show some sensitivity to the gluon distribution via the
contributions of resolved photon processes to the jet production. However,
the data are not precise enough to considerably constrain the gluon dis-
tribution function. Due to the large starting scale, the input distributions
cannot be based only on VMD arguments. The authors choose a VMD
input similar to the one used in the GRV ansatz, but supplement it with
an ansatz of the point-like component, based on the lowest order Bethe-
Heitler formula for three light quarks. The quark masses are constrained
to fulfill 0.25 < mu = md < 0.4 GeV and 0.35 < ms < 0.55 GeV and are
fitted to the data, resulting in masses of 0.29 GeV for up and down quarks
and 0.41 GeV for strange quarks, as explained in Ref. [30]. As both contri-
butions, the hadron-like and the point-like, vanish as x→ 1, the GS quark
distribution functions are greatly suppressed at high values of x compared
to, for example, the quark distribution functions from GRV. The contri-
bution from charm quarks is added via the Bethe-Heitler formula with
a charm quark mass of mc = 1.5 GeV. The evolution is performed for
three light flavours using Λ = 0.2 GeV and this is supplemented with the
Bethe-Heitler charm contribution up to Q2 = 50 GeV2. At Q2 = 50 GeV2
this result is matched to a four flavour evolution ansatz, which was started
at Q2 = 10 GeV2, in such a way that F γ2 is continuous. For Q
2 > 50 GeV2
a four flavour massless approach is chosen, which is known to overesti-
mate the charm contribution. To remove the negative structure function
F γ2 obtained at large x when working in next-to-leading order in the MS
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Fig. 26. Comparison of the higher order structure function F γ2 from AFG and GRV.
The predicted higher order structure function F γ2 from AFG (dash) is compared to
the prediction from GRV (full) for the three values of Q2, 2, 15 and 100 GeV2.
scheme, the quark distributions are supplemented by a technical input,
defined in Eq. (B.14), which removes the divergence. The leading order
and next-to-leading order parton distribution functions are connected to
each other by the requirements that they are identical at Q20, and that
the gluon distribution is the same for the leading order and the next-to-
leading order parametrisations. The data used in the fits are published
data from Refs. [83,84,111,67,112,103,68,69,109,70,110,99,72,71] and pre-
liminary data from Refs. [96,104,113].
7. GRSc [114]: The parton distribution functions from Glu¨ck, Reya and
Schienbein are constructed using basically the same strategy as the GRV
parametrisations. However, in addition to the use of the new pion input
from Ref. [115], some conceptual changes have been made. As a result,
as in the case of AFG, no parameters have to be obtained from a fit to
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Fig. 27. Comparison of the leading order GRV and GRSc parametrisations of F γ2 .
In (a) the photon structure function F γ2 is shown in leading order for the GRV
(dash) and the GRSc (full) parametrisations, for four active flavours and for several
values of Q2, 0.8, 1.9, 15 and 100 GeV2, and in (b) the ratio of the GRSc and the
GRV parametrisations is explored for the same values of Q2.
the F γ2 data. Like the AFG parametrisations, the GRSc parametrisations
use a coherent sum of vector mesons, and therefore there is no free para-
meter κ, which was used in the case of the GRV parametrisations when
using an incoherent sum. The treatment of αs has been changed from
the approximate next-to-leading order formula to an exact solution of
the renormalisation group equation for αs in next-to-leading order, using
Λ = 0.204/0.299 GeV in leading/next-to-leading order. The contribution
of charm quarks is taken from the leading order Bethe-Heitler formula,
both for the leading order and the higher order parametrisations, and the
mass of the charm quarks was changed from 1.5 to 1.4 GeV. The numer-
ical differences between F γ2 as predicted by the leading order GRV and
GRSc parametrisations is shown in Figure 27 for several values of Q2. At
low values of Q2 the two parametrisations are very different especially at
low values of x. For increasing Q2 they get closer, and for Q2 > 15 GeV2
the differences are smaller than 10%.
8. SaS [116,117,43]: Two sets are constructed by Schuler and Sjo¨strand in
leading order, SaS1 using Q20 = 0.36 GeV
2 as starting scale and SaS2
for Q20 = 4 GeV
2. Both sets use Λ = 0.2 GeV, the massless evolution
equations for light quarks, and the Bethe-Heitler formula, Eq. (32), for
contributions of charm and bottom quarks with masses mc = 1.3 GeV
and mb = 4.6 GeV. The leading order parton distribution functions are
derived both in the MS and the DISγ scheme
9 .
The parameters are fitted to data for Q2 > Q20 and the dependence
on the photon virtuality P 2 is kept to allow for an extension to virtual
photons, discussed below. The motivation for the choice of the two sets
SaS1 and SaS2 is an investigation of the correlation between the size of
the hadron-like input function and the starting scale Q20. Consequently,
the main difference between the two sets is that the set SaS2 contains a
larger VMD contribution compared to the set SaS1, which is needed to
still fit the data, while starting at a much larger scale Q20. For the set SaS1
the normalisation of the VMD contribution, as well as the starting scale is
determined from the analysis of γp scattering data, only the shape of the
VMD distribution is fitted to the data of the photon structure function. In
contrast, for the set SaS2, the starting scale is fixed to Q20 = 4 GeV
2, the
functional form of the distribution functions is changed, and an additional
proportionality factor K is introduced for the VMD contribution, and
fitted to the data, resulting in K = 2.422. This factor corresponds to an
inclusion of higher mass vector mesons to compensate for the fact that
no point-like contribution is allowed to evolve from 0.36 < Q2 < 4 GeV2.
The subdivision into point-like and hadron-like parton distribution
functions is made explicit in the SaS distribution functions, allowing for
an independent treatment of the two, for example, in the simulation of
the properties of hadronic final states, originating from the hadron-like
and the point-like part of the photon structure function. The point-like
part is further factorised into a term which describes the probability of
the photon to split into a qq¯ state at a perturbatively large scale, and a
so-called state distribution which describes the parton distribution func-
tions within this qq¯ state. This subdivision is made to facilitate the proper
use of the parton distribution functions in Monte Carlo programs, when
using the parton shower concept. The data used in the fits are published
9 The scheme dependence is introduced by hand into the leading order par-
ton distribution functions, by including the universal part of C2,γ(x) =
3{ [x2 + (1− x2)] ln(1/x) − 1 + 6x(1 − x)}, which formally is of next-to-leading
order. This choice is motivated by the fact that although formally C2,γ(x) is of
higher order, numerically it is important.
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Fig. 28. The structure function F γ2 from the SaS parton distribution functions for
several values of Q2. The values chosen are the starting scale of the evolution of the
sets SaS2, Q2 = 4 GeV2 and Q2 = 100 GeV2. The structure function F γ2 is shown
in (a) for the individual sets 1D, 1M, 2D and 2M and in (b) the sets 1M, 2D and
2M are divided by the prediction of the set SaS1D.
data from Refs. [83,67,103,98,69–71] and preliminary data from Refs. [96].
Figure 28(a) shows the F γ2 prediction of the individual sets for Q
2 = 4
and 100 GeV2, and in Figure 28(b) they are normalised to the set SaS1D.
Some general trends can be seen from the figure. The SaS2 sets predict
a larger hadron-like part and therefore they are larger at small values of
x, than the SaS1 sets. This difference decreases with increasing Q2, as
can be seen from the ratios displayed in Figure 28(b). At large values
of x the hadron-like part is small and the difference mainly comes from
the different treatment of C2,γ(x), which makes the sets 1D and 2D agree
with each other for 100 GeV2 and also the sets 1M and 2M. At large
values of x the structure function F γ2 is more strongly suppressed when
using the MS scheme, which makes the sets 1M and 2M vanish faster as
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Table 3
The parton distribution functions for real photons. The table contains a compila-
tion of the most recent versions of the available parton distribution functions for
real photons. The abbreviations evol means that the charm contribution is included
as massless or massive quark in the evolution equations, whereas BH denotes the
inclusion of massive charm quarks via the Bethe-Heitler formula.
authors set Q20
[
GeV2
]
scheme Λ [GeV] gluon charm Ref.
DG 1.0 0.400 evol [93]
LAC 1 4.0 0.200 evol [95]
2 ” ” b=0 ”
3 1.0 ” ”
WHIT 1 4.0 0.400 a=0.5,c=3 BH, evol [101]
2 ” ” a=0.5,c=9 ”
3 ” ” a=0.5,c=15 ”
4 ” ” a=1.0,c=3 ”
5 ” ” a=1.0,c=9 ”
6 ” ” a=1.0,c=15 ”
GRV LO 0.25 0.200 BH, evol [32]
HO 0.30 DISγ ” ”
AFG 0.5 MS 0.200 BH, evol [107]
GS LO 3.0 0.200 BH, evol [108]
HO ” MS ” ”
GRSc LO 0.5 0.204 BH, evol [114]
HO ” DISγ 0.299 ”
SaS 1D 0.36 ’DISγ ’ 0.200 BH, evol [43]
2D 4.0 ’DISγ ’ ” ”
1M 0.36 ’MS’ ” ”
2M 4.0 ’MS’ ” ”
x approaches unity.
The main features of the parton distribution functions for real photons de-
scribed above, are listed in Table 3.
In general the parametrisations of the parton distribution functions do not
differ much in the quark distribution functions at medium values of x, because
they are constrained by the F γ2 data used in the fits. In contrast, in the region
of high and low values of x the available parton distribution functions are
not well constrained. The highest value of x reached in the measurements
of F γ2 is restricted by the minimum value of invariant mass required to be
well above the region of resonance production. Therefore, for example, the
very different quark distribution functions of GS and GRV are still consistent
with the data on F γ2 . For low values of x measurements became available only
recently, and they are not yet incorporated in the presently available parton
distribution functions. Consequently, there was considerable freedom in the
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gluon distribution function, which is important at low-x. This freedom has
been exploited in the differences of the various sets constructed by several
groups. This results in very different gluon distribution functions but also,
driven by the gluons, in different quark distribution functions at low values of
x. The new data on F γ2 now start to constrain the parton distribution functions
also at low values of x, and, although in leading order the photon only couples
to quarks, the measurements of F γ2 give an indirect constraint on the gluon
distribution function as well.
Also promising is the inclusion of jet production data, either from the reaction
γγ → jets or γp→ jets, which are studied at LEP and HERA. This data are
directly sensitive to the gluon distribution function at low values of x, for
example, via the boson-gluon fusion diagram or gluon-gluon scattering. In
addition, jet production can be used to explore the region of high values of
x and to further constrain the quark distribution functions in this region.
Because the main subject here is the photon structure function F γ2 , and the
HERA results have not yet been incorporated in the construction of parton
distribution functions, this interesting topic is not discussed in further detail
here. However, the results from the HERA experiment on jet production cross-
sections, and what can be learned about the parton distribution function of
the photon will be briefly discussed in Section 9.2.1.
As there is the freedom to choose both, the input distribution functions, and
the value of Λ, differently for the leading order and next-to-leading order par-
ton distribution functions, the predicted structure functions F γ2 in leading and
next-to-leading order are similar. However, to perform a meaningful investi-
gation of the sensitivity of the photon structure function F γ2 to the running
coupling constant αs, by studying the Q
2 evolution of F γ2 , it is mandatory to
use the next-to-leading order approach, in order for the scale Λ to be fixed. For
illustration, the predicted Q2 evolution of F γ2 for four active flavours, and for
various leading order parametrisations of F γ2 is shown in Figure 29. The predic-
tions of the GRV, SaS and WHIT1 parametrisations are compared to the evo-
lution of the purely point-like part for three light flavours for Λ3 = 0.232 GeV,
combined with F γ2,c as predicted by the Bethe-Heitler formula, denoted with
PL(uds)+BH(c), and to the hadron-like part of the GRV parametrisation, la-
belled VMD(GRV). The bins in x used, correspond to the experimental anal-
yses of Ref. [90]. The hadron-like part of F γ2 dominates at low values of x for
all values of Q2, but for x > 0.1 and Q2 > 10 GeV2 the point-like part is more
important, and for x > 0.6 the hadron-like part is negligible for Q2 > 10 GeV2.
As the importance of the hadron-like part of F γ2 decreases for increasing x, the
predictions of the GRV, SaS and WHIT1 parametrisations get closer to each
other. All parametrisations predict a strongly increasing slope for increasing
x, driven by the point-like contribution, with WHIT1 showing the flattest
behaviour.
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Fig. 29. Predictions for the Q2 evolution of the photon structure function F γ2 for
various x ranges. The predictions of the GRV, SaS and WHIT1 parametrisations
are compared to the evolution of the purely point-like part for three light flavours
for Λ3 = 0.232 GeV, combined with F
γ
2,c as predicted by the Bethe-Heitler formula,
denoted with PL(uds)+BH(c), and to the hadron-like part of the GRV parametri-
sation, labelled VMD(GRV).
Several parton distribution functions for transverse virtual photons have been
constructed. They can be applied to any process which is dominated by the
contribution of transverse virtual photons. There is no unique prescription
on how to extend the parton distribution functions for P 2 > 0, and differ-
ent approaches have been performed. All parton distribution functions are
constructed such that they reproduce the correct limits for small and large
values of P 2. For P 2 = 0 the parton distribution functions for real photons
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are recovered, and the limit Λ2 ≪ P 2 ≪ Q2 is given by the perturbative
QCD results of Refs. [49,50]. There exist one simple approach by Drees and
Godbole, which is independent of the specific choice of parton distribution
functions used for P 2 = 0, and therefore can be applied on top of any of the
existing parton distribution functions listed above. In addition three parton
distribution functions for real photons, GRV, GRSc and SaS, have been ex-
tended to also incorporate the region of P 2 > 0. The extension of the GRV
parton distribution functions is called GRS.
1. DG [14]: In the simple model by Drees and Godbole the parton distribu-
tion functions for virtual photons are obtained by simple, P 2-dependent,
multiplicative factors from the parton distribution functions for real pho-
tons, where by construction the gluon distribution function is more sup-
pressed than the quark distribution functions, as suggested in Ref. [118].
qγk(x,Q
2, P 2) = qγk(x,Q
2) ·
[ ln Q2+P 2
P 2+P 2c
ln Q
2+P 2c
P 2c
]
≡ qγk(x,Q2) · L,
gγ(x,Q2, P 2) = gγ(x,Q2) · L2, (49)
where P 2c should be chosen to be a typical hadronic scale, which means,
to be in the range Λ2 ≤ P 2c ≤ 1 GeV2. With this, the parton distribution
functions are globally suppressed, which means the x dependence of the
parton distribution functions for real photons is not altered for P 2 > 0.
2. GRS [119]: In the parton distribution functions from Glu¨ck, Reya and
Stratmann a boundary condition, similar to the one used for real photons,
is applied at Q2 = max(P 2, Q20). This condition allows to smoothly in-
terpolate between P 2 = 0 and P 2 ≫ Λ2, using a frozen non-perturbative
input for 0 < P 2 < Q20, where Q
2
0 is the starting scale of the evolution
for the parton distribution functions of the real photon. Then the parton
distribution functions are obtained by solving the leading order or next-
to-leading order inhomogeneous evolution equations, which are chosen to
be the same as for the real photon. For the inclusion of heavy quarks the
extension of the Bethe-Heitler formula to the region P 2 > 0, Eq. (41)
have been taken. The analysis of the sensitivity to the non-perturbative
input distribution functions shows large non-perturbative contributions
at small values of x up to P 2 = 10 GeV2, which will be discussed below.
3. GRSc [115]: The parton distribution functions from Glu¨ck, Reya and
Schienbein for the real photon are extended for virtual photons, P 2 > 0,
based on the assumption that for virtual photons the photon virtuality
should entirely be taken care of by the flux factors, which are valid for
Q2 ≫ P 2. As a consequence of this all partonic subprocess cross-sections
are calculated as if P 2 = 0. Therefore, in the GRSc approach the process
γγ⋆ → qq¯ is used to evaluate Cγ(x), instead of the process γ⋆γ⋆ → qq¯
which was used in the case of GRS. Also the charm contribution for
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Fig. 30. Comparison of leading order parametrisations of the photon structure
function F γ2 for virtual photons. The photon structure function F
γ
2 is shown for
the SaS1D (full) and the GRS (dash) prediction for Q2 = 30 GeV2 and for several
values of P 2, 0, 0.05, 0.5, 1 and 5 GeV2, always for three light flavours, nf = 3. The
predictions decrease with increasing P 2. For the SaS1D prediction the choice of P 2
suppression is made such to have the result which is closest to the GRS prediction,
resulting in IP2 = 2.
P 2 > 0 is based on the Bethe-Heitler formula for P 2 = 0, Eq. (32).
4. SaS [43,120]: The starting point for the Schuler and Sjo¨strand parton
distribution functions is a representation of the parton distribution func-
tions of the virtual photon as a dispersion integral in the mass of the qq¯
fluctuations, as discussed in Ref. [121]. The qq¯ fluctuations are separated
into a discrete sum of vector meson states, and a high mass continuous
perturbative spectrum from the point-like contribution. Both terms are
suppressed by different P 2-dependent terms. Various sets of boundary
conditions and different evolution equations for virtual photons, which
differ by terms of the order of P 2/Q2, are proposed, accessible in the
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Fig. 31. The variation of the P 2 suppression of F γ2 in the SaS1D parametrisations.
The different choices of the P 2 suppression of F γ2 are shown by varying the parameter
IP2 for Q2 = 30 GeV2 and for two values of P 2. The curves shown in (a) and (b) are
for P 2 = 0.05 and 0.5 GeV2 respectively. The predictions for the different choices
of IP2 are all divided by the result obtained for IP2 = 2.
parametrisations via the parameter IP2. The heavy quarks are included
as in the GRS case.
In Figure 30 the GRS predictions are compared to the SaS predictions using
the set SaS1D. The structure function is shown for three light flavours, for
Q2 = 30 GeV2 and exploring the P 2 suppression for P 2 = 0, 0.05, 0.5, 1 and
5 GeV2. The parametrisations show some differences for quasi-real photons,
where the GRS prediction is higher at all values of x. For x > 0.2 the GRS
prediction is about 8% higher and for smaller values of x the rise is much
faster than in the case of the SaS1D prediction. As soon as P 2 > 0.5 GeV2
they perfectly agree with each other for x > 0.1.
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Fig. 32. The predicted P 2 suppression of the photon structure function F γ2 (uds).
Shown are the prediction of F γ2 from the GRS parton distribution functions (dash),
together with the prediction from the SaS1D parton distribution functions for two
modes of the P 2 suppression. The two modes chosen are the recommended sup-
pression (IP2 = 0, full) and the one which is most similar to the GRS suppression
(IP2 = 2, dot-dash). The values of F γ2 are normalised to the prediction for real
photons, P 2 = 0. The curves are calculated for Q2 = 30 GeV2, for three values of
x, 0.1, 0.5 and 0.9, and for three flavours.
The theoretical uncertainty on how the structure function F γ2 is suppressed
for increasing P 2 is explored in the SaS distribution functions. In Figure 31
the various choices are compared to the choice which is closest to the GRS
prediction. The larger the value of P 2 the more the various choices differ, as
can be seen from Figure 31(a), where at P 2 = 0.05 GeV2 the predictions are
close together, whereas at P 2 = 0.5 GeV2, Figure 31(b), sizeable differences
are seen. Taking the variations as an estimate of the theoretical uncertainty,
it amounts to about 20% at P 2 = 0.5 GeV2.
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Although the absolute predictions for F γ2 from the GRS and SaS1D parametri-
sations agree quite well for P 2 > 0.5 GeV2, they differ in the relative suppres-
sion as a function of P 2, shown in Figure 32 for Q2 = 30 GeV2, and for several
values of x. The GRS predictions are compared to the ones from SaS1D using
IP2 = 0 and 2. The suppression decreases with increasing x and the suppres-
sion as predicted by SaS, using the recommended scheme, IP2 = 0, is always
stronger than the one predicted by GRS. The kinks in the distributions at
P 2 = 0.36 and 0.25 GeV2 for the SaS and GRS predictions are due to the
boundary conditions applied.
Based on the GRS parametrisations the sensitivity to the non-perturbative
input distribution functions can be studied. In Figure 33 the full solution for
three light quark species is compared to the purely point-like part which is
equivalent to the prediction from Uematsu and Walsh from Ref. [49]. The
comparison is done for two values of Q2, 10 and 100 GeV2, and for two values
of P 2, 0.1 and 1.0 GeV2, and all predictions are for Λ3 = 0.232 GeV. The GRS
parametrisations predict a significant hadron-like contribution at small values
of x for all values of P 2. The importance decreases for increasing Q2 and even
stronger for increasing P 2, as can be seen from Figure 33(b), where the ratio
of the GRS prediction and the purely point-like part is shown. At large values
of x the hadron-like contribution is less important. For example, the hadron-
like contribution amounts to less than 10% for x > 0.3 for Q2 = 100 GeV2
and P 2 = 1.0 GeV2. This is a region which is still accessible within the LEP2
programme, however only with very limited statistics.
The last issue discussed in the comparison of the SaS1D and the GRS parametri-
sations is the contribution to F γ2 from the point-like and hadron-like produc-
tion of charm quark pairs. The two predictions are shown in Figure 34 for
Q2 = 30 GeV2 and for two values of P 2, 0 and 1 GeV2. The mass of the
charm quark is mc = 1.5 GeV for the GRS parametrisation, whereas SaS uses
mc = 1.3 GeV. For the GRS prediction in addition the contribution from the
point-like part alone is shown. The point-like contribution is found to domi-
nate for x > 0.1, whereas at smaller values of x the hadron-like component
gives a significant contribution and dominates as x approaches zero. The dif-
ference between the two predictions for the point-like part is entirely due to
the different choice for the mass, which means when changing the mass in
GRS to mc = 1.3 GeV they are identical. However, GRS and SaS differ in
the contribution from the hadron-like part, with GRS predicting a faster rise
for small values of x. This difference is due to the different gluon distribution
functions. For increasing P 2 the hadron-like part gets less important.
Experimentally, the measurement of the heavy quark contributions to F γ2 is
very difficult, mainly because of the low statistics available. Firstly, the heavy
quark production is suppressed by the large quark masses and secondly, to
establish a heavy quark contribution, the quark flavour has to be identified,
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Fig. 33. Comparison of the photon structure function F γ2 for virtual photons with
the purely perturbative point-like part. The predictions of the structure function
F γ2 are shown for three active flavours, for two values of Q
2, 10 and 100 GeV2, and
for two values of P 2, 0.5 and 1.0 GeV2, and for Λ3 = 0.232 GeV. The prediction
from the GRS parametrisations is compared to the purely perturbative point-like
part which is equivalent to the prediction from Uematsu and Walsh (UW). In (a)
the individual predictions are shown and in (b) the GRS predictions are divided by
the contribution of the purely point-like part.
which can only be done with small efficiencies. With the available data the
measurement of F γ2,b is hopeless, because, due to the large bottom mass and
the small electric charge the number of events is too small. However, the mea-
surement of the charm contribution to F γ2 is likely to be performed soon for the
first time, because experimentally about 30 events with positively identified
charm quarks are available, as has been reported in Ref. [122].
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Fig. 34. The point-like and hadron-like contributions to F γ2,c. The predictions of
the SaS1D (full) and the GRS (dash) parametrisations are shown for Q2 = 30 GeV2
and for two values of P 2. Figure (a) is for P 2 = 0 and (b) uses P 2 = 1 GeV2. For
the GRS prediction in addition the contribution from the point-like process alone
(dot-dash) is shown.
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5 Tools to extract the structure functions
The general experimental procedure to measure structure functions is the
following. The data are divided into ranges in Q2 and the structure functions
are obtained as functions of x from the distributions of measured values of x,
usually denoted by xvis. If the energies of both incoming particles are known,
like in the case of deep inelastic charged lepton-nucleon scattering as, for
example, in electron-proton scattering at HERA, the values of Q2 and x can
be obtained from measuring the energy and angle of the scattered electron.
Consequently, in regions of acceptable resolution in Q2 and x as measured
from the scattered electron, the proton structure function F p2 can be derived
without the measurement of the hadronic final state. In addition the known
energy of the proton can be used to replace some less well measured quantities
and to obtain Q2 and x from the hadronic final state.
For deep inelastic electron-photon scattering the energy of the incoming quasi-
real photon is not known. It could only be obtained from the measurement of
the energy of the corresponding electron. For most of the phase space of quasi-
real photons the corresponding electrons are not observed in the detectors and
no measurement of the photon energy can be performed. Only in the situation
of the exchange of two highly virtual photons both electrons are observed in
the detectors and the invariant mass of the photon-photon system, as well as
x, can be obtained from the two scattered electrons. Consequently, for the
measurement of the structure functions of the quasi-real photon, x has to be
derived using Eq. (6) from measuring the invariant mass of the final state X .
In the case of lepton pair production it is required that both leptons are mea-
sured in the tracking devices of the detectors, and an accurate measurement
of W can be performed. In contrast, the hadronic final state is usually only
partly observed in the detectors and the measurement of W is much less pre-
cise. Due to this, a good description of the observed hadronic final state by
the Monte Carlo models is much more important for the measurement of the
photon structure function, than for the measurement of the proton structure
function at HERA. The value of xvis is obtained from the measurement of the
visible hadronic mass Wvis, together with the well measured Q
2, and therefore
the uncertainty of xvis is completely dominated by the uncertainty ofWvis. The
uncertainty of Wvis receives two contributions. Firstly Wvis is affected by the
uncertainty of the measurement of the seen hadrons, which are observed by
tracking devices and electromagnetic as well as hadronic calorimeters, and sec-
ondly the measurement of Wvis suffers from the fact that some of the hadrons
are scattered outside of the acceptance of the detectors. To account for these
deficiencies, in most of the analyses the structure function F γ2 is obtained from
an unfolding procedure which relies on the correlation between the measured
xvis and the underlying value of x, as predicted by the Monte Carlo programs.
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Therefore the Monte Carlo programs and the unfolding programs are the most
important tools used in the measurement of photon structure functions. They
are discussed in Section 5.1 and Section 5.2 respectively.
5.1 Event generators
Event generators are extensively used in the determination of photon structure
functions. In this section the most commonly used programs are discussed.
Only the main features of the Monte Carlo programs relevant for deep inelastic
electron-photon scattering are described, details can be found in the individual
program manuals, and a general overview is given in Ref. [123].
There exist two groups of programs relevant for the measurement of photon
structure functions. The first group deals with low multiplicity final states,
like resonances, charm quark pairs, or lepton pairs. The programs used for
the measurement of the QED structure functions are BDK, GALUGA and
Vermaseren, where by now the Vermaseren program can be regarded as the
standard Monte Carlo for lepton pair production.
1. GALUGA: [7] The GALUGA Monte Carlo is a more recent program,
which contains an implementation of the full cross-section formula from
Ref. [4]. It is generally not used as an event generator, but as a useful tool
to investigate the importance of the individual terms to the differential
cross-section, as listed in Eq. (14).
2. Vermaseren: [124–126,1] In most applications the Vermaseren program is
based only on the cross-section for the multipheripheral diagram, shown
in Figure 4(a). The full dependence on the mass of the muon and on
P 2 is kept. The program generally is used to generate large size event
samples, which are compared to the data. Sometimes this program is
also abbreviated with JAMVG by using the initials of the author.
3. BDK : [127,128,62,129] The BDK program is similar to the Vermaseren
program, and in addition QED radiative corrections to the process are
contained. This program is mainly used for the determination of the ra-
diative corrections to be applied to the data which, after correction, are
compared to the predictions of the Vermaseren Monte Carlo.
The QED predictions of the three programs are very similar and they nicely
agree with the data, as discussed in Section 6.
The second group of programs is used for the determination of the hadronic
structure function F γ2 . The situation for the multi-particle hadronic final state
is more complex than for the case of the leptonic final state, as it involves
QCD. Because the multi-particle hadronic final state cannot be predicted
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by perturbative QCD, there is some freedom on how to model it, and the
available programs follow different philosophies to predict the properties of
the multi-particle hadronic final state. The programs can be further subdi-
vided into two classes. The first class consists of the special purpose Monte
Carlo programs TWOGAM [123] 10 and TWOGEN [130], which contain only
electron-photon scattering reactions, and are therefore very hard to test thor-
oughly, except by using the electron-photon scattering data themselves. This
is dangerous, as the measurement of the hadronic structure function and the
modelling of the hadronic final state are intimately related. For this reason, and
also because the programs do not contain parton showers, their importance is
gradually decreasing. The second class consists of the general purpose Monte
Carlo programs HERWIG [131–137], PHOJET [138,139] and PYTHIA [140].
These general purpose Monte Carlo programs are also successfully used to
describe electron-proton and proton-proton interactions. Even more impor-
tant for electron-photon scattering is the fact that some of the parameters are
constrained by electron-proton and proton-proton scattering data, therefore
leaving less freedom for adjustments to the electron-photon scattering data.
The general procedure for the event generation by Monte Carlo methods splits
the reaction into different phases, and in each of these phases, specific choices
are made. For deep inelastic electron-photon scattering first a photon is ra-
diated from one of the electrons using an approximation for the photon flux,
discussed in Section 3.2. Then a parton inside the photon is selected according
to the prediction of one the various parton distribution functions, discussed
in Section 4. The selected parton takes part in the hard sub-process, which
is generated using fixed order matrix elements. A configuration for the pho-
ton remnant is chosen. The emission of further partons is generated from the
initial partons, using a prescription of the backward evolution of the initial
state parton shower, and from the outgoing partons, modelled by the final
state parton shower, which is identical to the parton shower used in the e+ e−
annihilation events. Finally, all partons are converted into hadrons by means
of some hadronisation model, and these hadrons are allowed to decay, using
decay tables.
The special purpose Monte Carlo programs used are:
1. TWOGAM : [123] The special purpose Monte Carlo program TWOGAM
was developed within the DELPHI collaboration. The events are sepa-
rated into three event classes, point-like events, hadron-like events and
the so-called resolved photon component. The simulation of point-like
events is based on a full implementation of Eq. (14) using the QED
cross-sections, with free values chosen for the light quark masses. The
hadron-like events are generated according to some VMD prescription.
10 No detailed description of this Monte Carlo program is publically available.
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The resolved photon component is added for the scattering of two real,
or virtual, photons with transverse polarisation in the following way. The
probability to find a parton in a photon is given by a set of parton distri-
bution functions for real photons, suppressed by a factor which depends
on the virtuality of the photon. The generated partons then undergo a
hard 2 → 2 scattering process. No parton showers are included, and the
hadronisation is based on the Lund string model. By using this concept
also the virtual photon is allowed to fluctuate into a hadronic state.
2. TWOGEN : [130] The special purpose Monte Carlo program TWOGEN
was developed within the OPAL collaboration. The version used for struc-
ture function analyses is called F2GEN. This program is in principle based
on Eq. (14), but neglects all but the term proportional to σTT. Then
the differential cross-section is expressed as a product of the transverse-
transverse luminosity function for real and virtual photons, and the cross-
section σTT. The cross-section σTT is implemented only for real photons,
and as given in Eq. (20), it is proportional to F γ2 . The program gener-
ates only the multipheripheral diagram. The angular distribution of the
quark anti-quark final state is chosen to be like in the case of leptons for
point-like events and according to a limited transverse momentum model,
called peripheral, for hadron-like events. A mixture of the point-like and
peripheral events can be generated based on a hit and miss method. This
combination is called perimiss. No parton showers are included, and the
hadronisation is based on the Lund string model.
The general purpose Monte Carlo programs used are:
1. HERWIG : [131–137] The general purpose Monte Carlo program HER-
WIG has been extended to electron-photon processes in the LEP2 work-
shop, Ref. [123]. The first available version was HERWIG5.8d. The next
version used in experimental analyses is HERWIG5.9, which got improved
as detailed in Section 7.1. The improvements are called HERWIG5.9+kt
and HERWIG5.9+kt (dyn), reflecting the changes applied to the intrinsic
transverse momentum of the quarks in the photon, kt, either with fixed
or dynamically (dyn) adjusted upper limit. In the HERWIG model the
photon flux is based on the EPA, Eq. (24), and the hard interaction is
simulated as eq→ eq scattering, where the incoming quark is generated
according to a set of parton distribution functions. The incoming quark
is subject to an initial state parton shower which contains the γ → qq¯
vertex. The initial state parton shower is designed in such a way that
the hardest emission is matched to the sum of the matrix elements for
the higher order resolved processes, g → qq¯ and q → qg and the point-
like γ → qq¯ process. The parton shower uses the transverse momen-
tum as evolution parameter and obeys angular ordering. This procedure
dynamically separates the events into point-like and hadron-like events,
and this separation will be different from the choice made in the parton
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distribution functions. For hadron-like events the photon remnant gets
a transverse momentum kt with respect to the direction of the incom-
ing photon discussed above, where originally the transverse momentum
was generated from a gaussian distribution. The outgoing partons un-
dergo final state parton showers as in the case of e+ e− annihilations. The
hadronisation is based on the cluster model.
2. PHOJET : [138,139] The general purpose Monte Carlo program PHOJET
is based on the dual parton model from Ref. [141]. It was designed for
photon-photon collisions, where originally only real or quasi-real photons
were considered. It has recently been extended to match the deep inelastic
electron-photon scattering case, if one of the photons is highly virtual. It
can also be used for the scattering of two highly virtual photons. Both
photons are allowed to fluctuate into a hadronic state before they interact.
For the case of deep inelastic scattering the program is not based on the
DIS formula, but rather the γ⋆ γ cross-section is calculated from the γγ
cross-section by extrapolating inQ2 on the basis of the Generalised Vector
Dominance model using Ref. [142]. The events are generated from soft
and hard partonic processes, where a cut-off on the transverse momentum
of the scattered partons in the photon-photon centre-of-mass system is
used to separate the two classes of events. The present value of this cut-
off is 2.5 GeV, which means that for W < 5 GeV only soft processes
are generated. This results in a strange behaviour of the W distribution
for W < 5 GeV, which has to be treated with special care. The sum of
the processes is matched to the deep inelastic scattering cross-section,
or in other words to F γ2 . However, in the present version this matching
is imperfect, which results in the fact that the actual distribution in
x generated is not the same as one would expect from the input photon
structure function F γ2 used in the simulation. This makes it difficult to use
PHOJET for a direct unfolding procedure, but rather it should only be
used to determine the transformation matrix relating the generated value
of x to the observed value xvis. Initial state parton showers are simulated
with a backward evolution algorithm using the transverse momentum as
evolution scale. Final state parton showers are generated with the Lund
scheme. Both satisfy angular ordering implied by coherence effects. The
hadronisation is based on the Lund string model.
3. PYTHIA: [140] In the general purpose Monte Carlo program PYTHIA
the process is implemented rather similar than in the HERWIG program.
PYTHIA 11 includes the reaction as deep inelastic electron-quark scat-
tering, where the quarks are generated according to parton distribution
functions of the quasi-real photon. The flux of the quasi-real photon has
to be externally provided, and the corresponding electron is only mod-
11 A new version of the PYTHIA program exists, PYTHIA6.0. The description given
here is still based on the capabilities of the version PYTHIA5.7, because this is the
version which was used in the experimental analyses.
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elled in the collinear approximation. The program relies on the leading
order matrix element for the eq → eq scattering process. Higher order
QCD processes are subsequently generated via parton showers, without a
matching prescription to the exact matrix elements. Initial and final state
parton showers are implemented, using the parton virtuality as the evo-
lution parameter. The separation into point-like and hadron-like events
is taken from the parton distribution functions, if available. In this way,
a consistent subdivision into point-like and hadron-like events can be
achieved in the event generation and the parton distribution functions,
by using the SaS parton distribution functions together with PYTHIA.
For hadron-like events the photon remnant gets a kt generated from a
gaussian distribution, and for point-like events the transverse momen-
tum follows a powerlike behaviour, dk2t /k
2
t , with k
2
t,max = Q
2 as the upper
limit. The hadronisation is based on the Lund string model.
Due to the different choices made in the various steps of the event generation
the predictions of the Monte Carlo programs differ significantly. The quality
of the description of the data by the various programs is an active field of
research. The results of the investigations are discussed in Section 7.1.
5.2 Unfolding methods
The determination of the structure function F γ2 (x,Q
2) involves the measure-
ment of x and Q2. For the hadronic final state the resolution in W 2, and
therefore the resolution in x, is not very good, due to mismeasurements of
the hadrons and losses of particles outside of the acceptance of the detec-
tors. Therefore unfolding programs are used to relate the observed hadronic
final state to the underlying value of x. The unfolding problem as well as the
programs used for the unfolding are described below.
The principle problem which is solved by the unfolding is the following. The
distribution gdet of a quantity u (e.g. xvis) directly measured by the detec-
tor is related to the distribution fpart of a partonic variable ω (e.g. x) by
an integral equation which expresses the convolution of the true distribution
with all effects that occur between the creation of the hard process and the
measurement
gdet(u) =
∫
A(u, ω) fpart(ω) dω +B(u) , (50)
where B(u) represents an additional contribution from background events.
The task of the unfolding procedure is to obtain the underlying distribution
fpart, from the measured distribution gdet using the transformation A and
the background contribution, usually obtained from Monte Carlo simulations.
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This is done either by discretising and inverting the equation, or by using
Bayes’ theorem. The relevant programs used, are based on different statistical
methods and have slightly different capabilities. They are discussed below.
1. RUN : [143–145] The RUN program by Blobel is used since long in struc-
ture function analyses. It is based on a regularised unfolding technique
and allows for an unfolding in one dimension. The integral equation is
transformed into a matrix equation, and solved numerically, leading to the
histogram fpart (ω). This simple method can produce spurious oscillating
components in the result due to limited detector resolution and statistical
fluctuations. Therefore the method is improved by a regularisation proce-
dure which reduces these oscillations. The regularisation is implemented
in the program using the assumption that the resulting underlying distri-
bution has minimum curvature. Technically, the unfolding program RUN
works as follows. A set of Monte Carlo events is used as an input to the
unfolding program. These events are based on an input F γ2 (x,Q
2) and
implicitly carry the information about the response function A(xvis, x).
A continuous weight function fmult(x) is defined which depends only on
x. This function is used to calculate an individual weight factor for each
Monte Carlo event. The weight function is obtained by a fit of the xvis
distribution of the Monte Carlo sample to the measured xvis distribu-
tion of the data, such that the reweighted Monte Carlo events describe
as well as possible the xvis distribution of the data. After the unfolding
both distributions agree with each other on a statistical basis. The un-
folded F γ2 (x,Q
2) from the data is then obtained by multiplying the input
F γ2 (x,Q
2) of the Monte Carlo with the weight function fmult(x).
2. GURU : [146] The GURU program by Ho¨cker and Kartvelishvili is a more
recent, slightly different, implementation of an regularised unfolding tech-
nique based on the method of Single Vector Decomposition, SVD. In this
method the matrix A is decomposed into the product A = USV T , where
U and V are orthogonal matrices and S is a diagonal matrix with non-
negative diagonal elements, the so-called singular values. The regularisa-
tion procedure of the GURU program is very similar to the one used in
the RUN program. The problem is regularised by adding a regularisation
term proportional to the regularisation parameter τ . In contrast to the
automated procedure to determine the value of τ implemented in the
RUN program, in the GURU program the value of τ has to be adjusted
to the problem under study, by determining the number of terms of the
decomposition which are statistically significant, as explained in detail
in Ref. [146]. However, there is one practical advantage of the GURU
program, it allows for an unfolding in several dimensions. This is a very
interesting feature, as two-dimensional unfolding is a promising candi-
date to improve on the error of F γ2 stemming from the dependence of the
unfolded result of F γ2 on the underlying Monte Carlo program used to
simulate the hadronic final state.
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3. BAYES : [147] The BAYES program by D’Agostini is based on Bayes’
theorem. This method is completely different from the two above, because
the matrix inversion is avoided by using Bayes’ theorem. Starting point is
the existence of a number of independent causes Ci, i = 1, 2 . . . nc which
can produce one effect, E, for example, an observed event. Then if one
knows the initial probability of the cause, P (Ci), and the conditional
probability, P (E|Ci) of the cause Ci to produce the effect E, then Bayes’
theorem can be formulated as
P (Ci|E) = P (E|Ci)P (Ci)∑nc
k=1 P (E|Ck)P (Ck)
. (51)
This formula can be used for multidimensional unfolding. In the one
dimensional case the following identifications can be made; P (Ci) = f
part,
P (E|Ci) = A and the distribution of the effects E is equivalent to gdet.
The best results are obtained if one uses some a priori knowledge on
P (Ci), then after some iterations the final result is obtained. A careful
study of the possible bias due to the choice of the initial distribution has
to be performed.
In general, when using the one-dimensional unfolding, there is not much differ-
ence in the results obtained with the various methods. Clearly, for all programs
the dependence on the transformation between the generated variables and the
measured ones as given by P (E|Ci), or A has to be carefully investigated by
using the predictions of several Monte Carlo models.
Traditionally the unfolding was performed only in the variable x. Motivated by
the limited quality of the description of the observed hadronic final state by the
Monte Carlo programs, discussed in Section 7.1, there have been investigations
to study the unfolding in two dimensions to accommodate this shortcoming,
as discussed, for example, in Ref. [148]. The main idea is the following. In
the one-dimensional unfolding using the variable x, the result is independent
of the actual shape of the input distribution function fpart(x) used in the
unfolding and depends only on the transformation A(xvis, x), which partly
depends on the Monte Carlo model used, but also to a large extend on the
detector capabilities which are independent of the chosen model 12 . By using a
second variable, v, the same argument applies to this variable. Now the result
is independent of the joint input distribution function fpart(x, v) of x and v
and only the transformation A(xvis, vvis, x, v) matters, which now also depends
on the transformation of v. Because only the transformation of v but not its
actual distribution affects the unfolding result, a part of the dependence on
the Monte Carlo model is removed. There are some indications, for example,
shown in Ref. [148], that the unfolding in two dimensions may reduce the
12 This is of course only true if the same detector parts are populated with particles
by the different Monte Carlo models.
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systematical error of the structure function results, and this technique has
been used in recent structure function analyses, as explained in Section 7.2.
Although some improvements of the unfolding procedure has been achieved,
the main emphasis should be on the understanding of the reasons for the
shortcomings of the Monte Carlo programs and on the improvement of their
description of the data. This work has been started by the ALEPH, L3 and
OPAL collaborations and the LEP Working Group for Two-Photon Physics,
reported in Ref. [149], but meanwhile, better tools to cope with the situation
are certainly useful.
74
6 Measurements of the QED structure of the photon
The QED structure of the photon has been investigated for all leptonic final
states e+ e−, µ+µ− and τ+τ−. Most results are obtained for µ+µ− final states
for various reasons. For e+ e− final states more Feynman diagrams contribute,
which makes the analysis in terms of the photon structure more difficult. The
τ+τ− final states are rare, as the τ is heavy, and also τ+τ− final states are more
difficult to identify, because only the decay products of the τ can be observed.
The hadronic decays of the τ suffer from large background from qq¯ production
and the muonic decays of the τ from the µ+µ− production process. The most
promising channel is the one where one τ decays to a muon and the other
to an electron, but these are very rare. In contrast, the µ+µ− final states has
a clear signature, a large cross section and is almost background free, which
makes it ideal for the measurements of the QED structure of the photon.
Several measurements of QED structure functions have been performed by
various experiments. Prior to LEP, mainly the structure function F γ2,QED was
measured. The LEP experiments refined the analysis of the µ+µ− final state,
to derive more information on the QED structure of the photon. The µ+µ−
final state is such a clean environment that it allows for much more subtle
measurements to be performed, than in the case of hadronic final states. Ex-
amples are, the measurement of the dependence of F γ2,QED on the small, but
finite, virtuality of the quasi-real photon, P 2, which is often referred to as the
target mass effect, and the measurement of the structure functions F γA,QED and
F γB,QED, which are deduced from the distribution of the azimuthal angle χ, as
outlined in Section 3.3. The interest in the investigation of QED structure
functions is threefold. Firstly the investigations serve as tests of QED to order
O(α4), secondly, and also very important, the investigations are used to re-
fine the experimentalists tools in a real but clean situation to investigate the
possibilities of extracting similar information from the much more complex
hadronic final state, and thirdly, the measurement of the QED structure of
the photon can give some information on the hadronic structure of the photon
as well, because at large values of x the quark parton model, which is nothing
but QED, gives a fair approximation of the hadronic structure of the photon.
The various results are discussed below, starting with the measurements of
F γ2,QED, followed by the measurements of the structure functions F
γ
A,QED and
F γB,QED of quasi-real photons. The final topic discussed is the investigation
of the structure of highly virtual photons by a measurement of the differen-
tial cross-section for the exchange of two highly virtual photons, which only
recently has been performed quantitatively for the first time.
The structure function F γ2,QED has been measured for average virtualities in
the range 0.45 < 〈Q2〉 < 130 GeV2. The results from the CELLO [150], DEL-
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Fig. 35. The measured average structure function 〈F γ2,QED〉 from the CELLO, DEL-
PHI, L3 and the TPC/2γ experiments, compared to QED predictions. The points
represent the data with their statistical (inner error bars) and total errors (outer
error bars). The tic marks at the top of the figures indicate the bin boundaries.
The results of the four experiments are compared to four different QED predic-
tions, namely the structure function F γ2,QED at the lower and upper limit of the Q
2
range studied (dash), and the two quantities 〈F γ2,QED(x,Q2, 〈P 2〉)〉 (dot-dash) and
F γ2,QED(x, 〈Q2〉, 〈P 2〉) (full) explained in the text.
PHI [86], L3 [151], OPAL [152], PLUTO [153] and TPC/2γ [154] experiments
can be found in Tables C.1−C.7. In addition there exist preliminary results
from the ALEPH and DELPHI experiment presented in Refs. [155] and [156].
The ALEPH results are preliminary since more than two years and therefore
they are not considered here. The DELPHI results are listed in Table C.8. The
result at 〈Q2〉 = 12.5 GeV2 is going to replace the published measurement at
Q2 = 12 GeV2, which will still be used here.
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Special care has to be taken when comparing the experimental results to the
QED predictions, because slightly different quantities are derived by the ex-
periments. Some of the experiments express their result as an average struc-
ture function, 〈F γ2,QED(x,Q2, 〈P 2〉)〉, measured within their experimental Q2
acceptance, whereas the other experiments unfold their result as a structure
function for an average Q2 value, F γ2,QED(x, 〈Q2〉, 〈P 2〉). The second choice is
much more appropriate for comparisons to theory, because in this case all
experimental dependence is removed, whereas in the first case the measured
average structure function still depends on the experimental acceptance, which
can only approximately be modelled by theory. Fortunately, for not too large
bins in Q2, and assuming a constant experimental acceptance as a function
of Q2, the two quantities 〈F γ2,QED(x,Q2, 〈P 2〉)〉 and F γ2,QED(x, 〈Q2〉, 〈P 2〉) are
very similar, as can be seen from Figure 35, where the experimental results
on the average structure function 〈F γ2,QED〉 from the CELLO, DELPHI, L3
and TPC/2γ experiments are shown together with several QED predictions.
The measurements are compared to F γ2,QED at the lower and upper limit of
the Q2 range studied, and to the two quantities 〈F γ2,QED(x,Q2, 〈P 2〉)〉 and
F γ2,QED(x, 〈Q2〉, 〈P 2〉), using the values of 〈P 2〉 listed below. Here the average
structure function 〈F γ2,QED(x,Q2, 〈P 2〉)〉 is calculated as the average of F γ2,QED
within the Q2 range used by the experiments, but without taking into account
the Q2 dependence of the cross section. The Q2 range is divided into 100 bins
on a linear scale in Q2 and for each point in x the average is calculated from
all non-zero values of F γ2,QED. The difference between 〈F γ2,QED(x,Q2, 〈P 2〉)〉
and F γ2,QED(x, 〈Q2〉, 〈P 2〉) is small compared to the experimental errors of the
CELLO, DELPHI and TPC/2γ measurements. However, for the measurement
of L3, the size of the difference is comparable to the experimental uncertainty,
especially at large values of x.
Figure 36 shows the world summary of the F γ2,QED measurements, where the ex-
perimental results are compared either to the predicted 〈F γ2,QED(x,Q2, 〈P 2〉)〉
or to F γ2,QED(x, 〈Q2〉, 〈P 2〉). For the measurements which quote an average P 2
for their dataset, where 〈P 2〉 is either obtained from the Monte Carlo pre-
diction, or from a best fit of the QED prediction to the data, this value is
chosen in the comparison. For the comparisons of the other results P 2 = 0 is
used. The curves shown correspond to (a) 〈F γ2,QED(x, 0.14-1.28, 0)〉, (b) F γ2,QED
(x,2.2,0.05), (c) 〈F γ2,QED(x, 1.4-7.6, 0.033)〉, (d) F γ2,QED (x,4.2,0.05), (e) F γ2,QED
(x,5.5,0), (f) F γ2,QED (x,8.4,0.05), (g) 〈F γ2,QED(x, 1.4-35, 0)〉, (h) 〈F γ2,QED(x, 4-
30, 0.04)〉, (i) F γ2,QED (x,12.4,0.05), (j) F γ2,QED (x,21,0.05), (k) F γ2,QED (x,40,0),
(l) F γ2,QED (x,120,0.066), and (m) F
γ
2,QED (x,130,0.05), where all numbers are
given in GeV2. There is agreement between the data and the QED expecta-
tions to order O(α4) for three orders of magnitude in Q2. Some differences are
seen for the TPC/2γ result, but at these low values of Q2 this could also be
due to the simple averaging procedure used for the theoretical prediction.
Another way to compare data and theory is exploited in Figure 37, where the
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Fig. 36. The world summary of F γ2,QED measurements. The data are compared to
F γ2,QED (x,〈Q2〉,〈P 2〉), or 〈F γ2,QED(x,Q2, 〈P 2〉)〉, with numbers as given in the text.
The points represent the data with their statistical (inner error bars) and total errors
(outer error bars). The quoted errors for (h) are statistical only. The tic marks at
the top of the figures indicate the bin boundaries.
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Fig. 37. The measured Q2 evolution of F γ2,QED. The measurements of F
γ
2,QED as
a function of Q2 for various x ranges compared to QED. The points represent the
data with their total errors. The data from Figure 36 are shown after correcting for
the effect of non zero P 2 in the data. The curves correspond to the QED prediction
for P 2 = 0. The upper two PLUTO points at Q2 = 40 GeV2 belong to N = 8 and
N = 10.
same data is displayed as a function of Q2 in bins of x with bin sizes of 0.1 if
possible, and with central values of x as indicated in the figure. To separate the
measurements from each other an integer value, N, counting the bin number is
added to the measured F γ2,QED. To be able to compare all results to the same
QED prediction all data which quote an average P 2 for their measurement
are corrected for this effect by multiplying the quoted result by the ratio of
F γ2,QED calculated at P
2 = 0 and at P 2 = 〈P 2〉. The measurements which
were obtained for different bin sizes in x than the ones used in the figure
are displayed at the closest central value. All curves represent the predicted
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Fig. 38. The dependence of F γ2,QED on P
2 and on the mass of the muon. The
OPAL data for 〈Q2〉 = 3 GeV2 are compared to several QED predictions of
F γ2,QED (x,〈Q2〉,〈P 2〉,mµ), where in (a) 〈P 2〉 is varied for a fixed mass of the
muon of mµ = 0.106 GeV and in (b) the mass of the muon is varied for fixed
〈P 2〉 = 0.05 GeV2. The variations shown in (a) are 〈P 2〉 = 0 (dash), 0.05 (full)
and 0.1 GeV2 (dot-dash), and the chosen masses in (b) are mµ = 0.056 (dash),
0.113+ 0.014
− 0.017(full), and 0.156 GeV (dot-dash). The points represent the data with
their statistical (inner error bars) and total errors (outer error bars). The tic marks
at the top of the figures indicate the bin boundaries.
average F γ2,QED in the x bin under study, for P
2 = 0. In general the agreement
between the data and the predictions is acceptable and the prediction clearly
follows the increasing slope for increasing x observed in the data.
The LEP data are precise enough that the effect of the small virtuality P 2
of the quasi-real photon can be investigated in detail. As an illustration the
comparison is made for the most precise data coming from the OPAL experi-
ment in Figure 38. The data consist of the dataset at 〈Q2〉 = 3.0 GeV2 listed
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in Table C.5. The dependence of F γ2,QED on P
2 can be clearly established, and
the experimental result shown in Figure 38(a) is consistent with the QED
expectation for the average value of P 2 predicted by the QED Monte Carlo
program Vermaseren, 〈P 2〉 = 0.05 GeV2. The dependence of F γ2,QED on the
mass squared of the muon and on P 2 is similar, as can be seen from Eq. (41)
and from its approximation Eq. (34). Consequently, the data can also be used
to measure the mass of the muon, by assuming the 〈P 2〉 value predicted by
QED. A precision of about 14% on the mass of the muon can be derived from
Figure 38(b) using the following procedure. A fit to the data using the QED
prediction for Q2 = 3.0 GeV2 and P 2 = 0.05 GeV2 yields as a best fit result
mµ = 0.113 GeV, for a χ
2 of 12.2 for nine degrees of freedom. The shape of
the χ2 distribution is close to a parabola, and by varying the mass in each
direction until the minimum χ2 increases by one unit, the error onmµ is deter-
mined. The final result is mµ = 0.113
+0.014
− 0.017 GeV. Although this is not a very
precise measurement of the mass of the muon it can serve as an indication
on the precision possible for the determination of Λ, if it only were for the
point-like contribution to the hadronic structure function F γ2 .
The structure functions F γA,QED and F
γ
B,QED are obtained from the measured
shape of the distribution of the azimuthal angle χ, which can be written as
dN
dχ
∼ (1− A cosχ+B cos 2χ). (52)
For small values of y, the two parameters A and B can be identified with
F γA,QED/F
γ
2,QED and 1/2F
γ
B,QED/F
γ
2,QED, by comparing to Eq. (31), which is
valid in the limit ρ(y) = ǫ(y) = 1. The two parameters A and B are fitted to
obtain the structure function ratios. By multiplying the measured structure
function ratios with the measured F γ2,QED, the structure functions F
γ
A,QED and
F γB,QED are obtained. The error of this measurement is completely dominated
by the error on the fitted values of A and B, and the main contribution to
this error is of statistical nature. The structure functions F γA,QED and F
γ
B,QED
were measured by L3 in Ref. [151] and by OPAL in Ref. [152], and they are
listed in Table C.9 and C.10 respectively. In addition preliminary results on
F γA,QED/F
γ
2,QED and 1/2F
γ
B,QED/F
γ
2,QED from ALEPH and DELPHI are avail-
able in Ref. [155] and Ref. [156]. For the same reasons as mentioned above for
F γ2 the ALEPH results are not considered here, the DELPHI results are listed
in Table C.11.
The measurements of F γA,QED/F
γ
2,QED and 1/2F
γ
B,QED/F
γ
2,QED are compared in
Figure 39. They all agree with each other and with the QED prediction from
Ref. [2]. The measurements of F γA,QED and F
γ
B,QED from the L3 and OPAL ex-
periments are compared in Figure 40. The measurements from L3 and OPAL
are performed in slightly different ways. The strength of the χ dependence
varies with the scattering angle cos θ⋆ of the muons in the photon-photon
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Fig. 39. The measurements of F γA,QED/F
γ
2,QED and 1/2F
γ
B,QED/F
γ
2,QED. In (a) the
OPAL, the L3 and the preliminary DELPHI results are compared to the theoretical
prediction of F γA,QED/F
γ
2,QED (x,〈Q2〉) and in (b) to 1/2F γB,QED/F γ2,QED (x,〈Q2〉),
always using the structure functions given in Eq. (32). The points represent the
data with their statistical (inner error bars) and total errors (outer error bars). The
tic marks at the top of the figures indicate the bin boundaries of the OPAL and
L3 analyses. The different curves correspond to the different values of 〈Q2〉, 3.25
(dash), 5.4 (full) and 12.5 GeV2 (dot-dash).
centre-of-mass system. Reducing the acceptance of cos θ⋆ enhances the χ de-
pendence but, to obtain a result for F γA,QED and F
γ
B,QED which is valid for
the full range of cos θ⋆, the measurement has to be extrapolated using the
predictions of QED. The measurements from L3 are obtained in the range
| cos θ⋆| < 0.7, and extrapolated to the full range in cos θ⋆, whereas the mea-
surements presented by OPAL are valid for the full angular range | cos θ⋆| < 1.
There are two other differences in the analyses. The OPAL measurements uses
the predictions including the mass corrections, Eq. (32), whereas the result
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Fig. 40. The measurements of F γA,QED and F
γ
B,QED. In (a) the OPAL and the L3
results are compared to the theoretical prediction of F γA,QED (x,〈Q2〉) and in (b) to
F γB,QED (x,〈Q2〉), always using the structure functions given in Eq. (32). The points
represent the data with their statistical (inner error bars) and total errors (outer
error bars). The tic marks at the top of the figures indicate the bin boundaries of
the analyses. The different curves correspond to the different values of 〈Q2〉, 3.25
(dash) and 5.4 (full).
from the L3 experiment is obtained based on the leading logarithmic approxi-
mation, Eq. (33). As the predictions for F γA,QED and F
γ
B,QED are only valid for
P 2 = 0, the OPAL measurement of F γ2,QED is corrected for the effect of non-zero
P 2 in the data by multiplying the result of the unfolding for 〈P 2〉 = 0.05 GeV2
by the ratio of F γ2,QED for P
2 = 0 and F γ2,QED for 〈P 2〉 = 0.05 GeV2, both
as predicted by QED. In the case of L3 the measured ratios F γA,QED/F
γ
2,QED
and 1/2F γB,QED/F
γ
2,QED are multiplied with the measured, and therefore P
2-
dependent, F γ2,QED, without correcting for the effect of non-zero P
2 in the data.
Despite the differences in the analyses strategies, the measurements are con-
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Fig. 41. The measurement of the differential QED cross section dσ/dx for
highly virtual photons. The differential cross-sections dσ/dx, for the reaction
ee → eeγ⋆γ⋆ → eeµ+µ−, unfolded from the data, (a) for 1.5 < Q2 < 6 GeV2
and 1.5 < P 2 < 6 GeV2 and (b) for 5 < Q2 < 30 GeV2 and 1.5 < P 2 < 20 GeV2.
The points represent the data with their statistical (inner error bars) and total
errors (outer error bars). The tic marks at the top of the figures indicate the bin
boundaries. The data are compared to various QED predictions explained in the
text.
sistent with each other, and they are nicely described by the QED prediction.
With these measurements it can be experimentally established that both
F γA,QED and F
γ
B,QED are different from zero. The shape of F
γ
B,QED cannot be
accurately determined, however it is significantly different from a constant.
The best fit to a constant value leads to F γB,QED/α = 0.032 and 0.042 with
χ2/dof of 8.9 and 3.1 for the L3 and OPAL results respectively. Because the
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precision of the measurements is limited mainly by the statistical error, and
the luminosities used for the results by the experiments amount to about
100 pb−1, taken at LEP1 energies, a significant improvement is expected from
exploiting the full expected statistics of 500 pb−1 of the LEP2 programme.
Several investigations to also measure F γA and F
γ
B for hadronic final states
are underway by the LEP experiments, but no results are available yet. This
concludes the discussion on the QED structure of the quasi-real photon and
the remaining part of this section deals with the structure of highly virtual
photons.
Following the discussion of Section 3.1 the experimentally extracted quantity
is the differential QED cross section dσ/dx for highly virtual photons, given
in Eq. (14). The measurement from OPAL is listed in Table C.12 and shown
in Figure 41 for two ranges in photon virtualities. In Figure 41(a) the ranges
1.5 < Q2 < 6 GeV2 and 1.5 < P 2 < 6 GeV2 are used, and Figure 41(b) is
for 5 < Q2 < 30 GeV2 and 1.5 < P 2 < 20 GeV2. The data are compared to
various QED predictions. The full line denotes the differential cross-sections as
predicted by the Vermaseren Monte Carlo using the same bins as for the data.
The additional three histograms represent the cross-section calculations from
the GALUGA Monte Carlo for three different scenarios: the full cross-section
(full), the cross-section obtained for vanishing τTT (dot-dash) and the cross-
section obtained for vanishing τTT and τTL (dash), all as defined in Eq. (18).
There is good agreement between the data and the QED predictions from
the Vermaseren and the GALUGA Monte Carlo programs, provided all terms
of the differential cross-section, Eq. (18), are used. However, if either τTT or
both τTT and τTL are neglected in the QED prediction as implemented in the
GALUGAMonte Carlo, there is a clear disagreement between the data and the
QED prediction. This measurement clearly establishes the contributions of the
interference terms τTL and τTT, described in Section 3.1, to the cross-section.
Both terms, τTT and τTL, are present in the data, mainly at x > 0.1, and the
corresponding contributions to the cross-section are negative. Especially, the
contribution from τTL is very large in the specific kinematical region of the
OPAL analysis.
Since the kinematically accessible range in terms of Q2 and P 2 for the measure-
ment of the leptonic and the hadronic structure of the photon is the same, and
given the size of the interference terms in the leptonic case, special care has
to be taken when the measurements on the hadronic structure are interpreted
in terms of structure functions of virtual photons.
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7 Measurements of the hadronic structure of the photon
One of the most powerful methods to investigate the hadronic structure of
quasi-real photons is the measurement of photon structure functions in deep
inelastic electron-photon scattering at e+ e− colliders. These measurements
have by now a tradition of almost twenty years, since the first F γ2 was ob-
tained in 1981 by the PLUTO experiment in Ref. [157]. The main idea of
this measurement is given by Eq. (23), which means that by measuring the
differential cross-section, and accounting for the kinematical factors, the pho-
ton structure function F γ2 is obtained. The photon structure function F
γ
2 in
leading order is proportional to the quark content of the photon, Eq. (38),
and therefore the measurement of F γ2 reveals the structure of the photon. The
discussion of the experimental results is divided into three parts. The descrip-
tion of the experimentally observed distributions of the hadronic final state
by the Monte Carlo models is reviewed first, followed by the discussion of the
measurements of the hadronic structure function F γ2 , and the description of
the measurements concerning the hadronic structure for the exchange of two
virtual photons.
7.1 Description of the hadronic final state
As has been explained in Section 5 the adequate description of the hadronic
final state by the Monte Carlo models is very important for measurements
of the photon structure. With the advent of the LEP2 workshop general
purpose Monte Carlo programs, for the first time also containing the deep
inelastic electron-photon scattering reaction, became available. The first se-
rious attempt to confront these models with the experimental data has been
performed by the OPAL experiment in Ref. [87]. None of the Monte Carlo
programs available at that time was able to satisfactorily reproduce the data
distributions. Therefore, the full spread of the predictions was included in the
systematic error of the F γ2 measurement, which consequently suffered from
large systematic errors. This observation initiated an intensive work on the
understanding of the shortcomings of the Monte Carlo models. The results
of these studies and the attempts to improve on the Monte Carlo models are
summarised in this section.
The flow of hadronic energy as a function of the pseudorapidity, for an average
event, 1/N dE/dη, is shown in Figure 42, taken from Ref. [87]. The generated
hadronic energy flow as predicted by the HERWIG5.8d Monte Carlo is com-
pared to the visible flow of the hadronic energy as observed after simulating the
response of the OPAL detector. The hadronic energy flow sums over all charged
and neutral particles. The pseudorapidity is defined as η = − ln(tan(θ′/2)),
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Fig. 42. The general behaviour of the hadronic energy flow. The hadronic energy
flow per event based on the HERWIG5.8d generator is shown as a function of the
pseudorapidity η for 〈Q2〉 = 13 GeV2. The observed electron is always at negative
rapidities, −3.5 < η < −2.8, and is not shown. The dark shaded histogram repre-
sents the energy reconstructed by the OPAL detector after the simulation of the
detector response to the HERWIG5.8d events. The generated energy distribution
for these events is represented by the lightly shaded histogram. The vertical lines
show the acceptance regions of the OPAL detector components.
where θ′ is the polar angle of the particle measured from the direction of the
beam that has produced the quasi-real photon, so the observed electron is at
−3.5 < η < −2.8, but is not shown. This figure demonstrates that a signif-
icant fraction of the energy flow in events from the HERWIG5.8d generator
goes into the forward region of the detector. About two thirds of the energy is
deposited in the central region of the detector, and 30% goes into the forward
region. As little as 5% of the total hadronic energy is lost in the beampipe.
The reconstructed energy flow is rather similar to the generated energy flow
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Fig. 43. The correlation between the measured and generated hadronic invariant
mass. The correlation between the generated hadronic invariant mass W and the
visible mass Wvis with and without the hadronic energy sampled in the forward
region (FR) of the OPAL detector. In (a) the correlation is shown for HERWIG5.8d
and (b) for F2GEN; in each case for two cuts on the minimum polar angle of the
acceptance region. The symbols represent the average Wvis in each bin, and the
vertical error bar its standard deviation. The dashed line corresponds to a perfect
correlation Wvis =W .
in the central region, but significantly different in the forward region. The
small inefficiency in the central detector region is mostly due to the fact that
some hadrons in this region carry low energy, and therefore fail quality cuts
applied to the events in the experimental analyses. The forward regions of the
LEP detectors are only equipped with electromagnetic calorimeters and the
hadronic energy in the forward region can only be sampled by using these
electromagnetic calorimeters. Consequently, for example in the case of the
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OPAL detector, only about 42% of the total hadronic energy in the forward
region can be recovered, with an energy resolution of ∆E/E = 30% of the
seen energy, as explained in Ref. [87]. Given this, the detectors are precise
enough to disentangle various predictions in the central part of the detector.
However, they are not able to distinguish well between models which produce
different energy flow distributions in the forward region.
The different Monte Carlo models produce rather different hadronic energy
flows also within the clear acceptance of the detectors, which leads to the
fact that for a given value of W , the visible invariant mass Wvis is rather
different when using different Monte Carlo models. The correlation between
the generated and visible invariant masses is shown in Figure 43, taken from
Ref. [87], for two Monte Carlo models described in Section 5.1. The level of
correlation achieved between Wvis andW , strongly depends on the acceptance
region for the hadronic final state and also on the model chosen. A Monte Carlo
model like F2GEN predicts a much stronger correlation than, for example, the
HERWIG5.8d Monte Carlo model. This strongly effects the acceptance of the
events and therefore the xvis distributions, especially at low values of xvis and
correspondingly low values of x.
The differences of the predictions can most clearly be seen in variables like the
energy transverse to the plane defined by the beam axis and the momentum
vector of the observed electron, Et,out, which is shown in Figure 44, taken from
Ref. [87], in bins of xvis. The value of Et,out is obtained by summing up the
absolute values of the energy transverse to the tag plane for all objects. The
F2GEN model predicts the hardest spectrum and lies above the data, whereas
the HERWIG5.8d model lies below the data and the PYTHIA prediction
does not even populate the tail of the Et,out distribution. It is apparent from
this figure that the largest differences occur at low values of xvis. Taking the
differences of the models into account in a bin-by-bin correction procedure
the observed hadronic energy flow can be corrected to the hadron level 13
and compared to various model predictions. Examples of this are shown in
Figure 45 for 〈Q2〉 = 13 GeV2, and in Figure 46 for 〈Q2〉 = 135 GeV2, both
taken from Ref. [87]. The errors take into account the dependence of the
correction on the Monte Carlo model chosen for correcting the data. A detailed
discussion of the various models used can be found in Section 5.1. The shape
of the hadronic energy flow drastically changes from a two peak structure at
low values of Q2 to a one peak structure for increasing Q2, which also means
13 The term hadron level means that all cuts are applied to generated quantities
and that the observable shown is calculated from generated stable particles, which
are usually defined with lifetimes of more than 1 ns. In contrast, the detector level
distributions are obtained by applying cuts to the measured quantities and also
calculating the observable under study from measured objects after applying quality
cuts to observed tracks and calorimetric clusters.
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Fig. 44. The measured Et,out distribution for 〈Q2〉 = 13 GeV2 in bins of x. The
energy transverse to the plane defined by the beam axis and the momentum vector
of the observed electron, Et,out, is shown at the detector level for three ranges in
xvis.
increasing values of x. The differences between the models shrink considerably,
and in addition the predictions lie much closer to the data. This shows firstly
that the problem is located in the region of low values of x and large values
of W , and secondly that the data are certainly precise enough to further
constrain the models. None of the models shown is able to describe the data
at 〈Q2〉 = 13 GeV2, but the agreement improves for 〈Q2〉 = 135 GeV2.
After these findings were reported, several methods were investigated to re-
duce the dependence of the measured F γ2 on the Monte Carlo models. A first
attempt to improve on the HERWIG5.9 model was made in Refs. [158,148] by
altering the distribution of the transverse momentum, kt, of the quarks inside
the photon from the program default. The default Gaussian behaviour was re-
placed by a power-law function of the form dk2t /(k
2
t +k
2
0) with k0 = 0.66 GeV,
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Fig. 45. The corrected hadronic energy flow for 〈Q2〉 = 13 GeV2. The measured
energy flow per event is corrected for the detector inefficiencies, as a function of
pseudorapidity η, and compared to the generated energy flow of the HERWIG5.8d
and PYTHIA Monte Carlo models and the energy flow of samples of point-like and
perimiss events from the F2GEN model. The vertical error bars on the data points
are the sum of the statistical and systematic errors, and the horizontal bars indicate
the bin widths.
motivated by the observation made in photoproduction studies at HERA that
a better description of the data is achieved if the intrinsic transverse mo-
mentum distribution is changed to the power-law behaviour, as explained in
Ref. [159]. The upper limit of k2t in HERWIG5.9+kt was fixed at k
2
t,max =
25 GeV2, which is almost the upper limit of Q2 for the OPAL analysis from
Ref. [87]. This led to some improvements in the description of the OPAL data
by the HERWIG5.9+kt Monte Carlo, as reported, for example, in Ref. [158].
A second attempt to improve on the situation is based on a purely kinematic
consideration already explained in Ref. [123]. The longitudinal momentum of
the photon-photon system is unknown, but the transverse momentum is well
constrained by measuring the transverse momentum of the scattered electron.
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Fig. 46. The corrected hadronic energy flow for 〈Q2〉 = 135 GeV2. Same as Figure 45
but for 〈Q2〉 = 135 GeV2.
In addition, when the +z axis is chosen in the hemisphere of the observed
electron, the unseen electron which radiated the quasi-real photon escapes
with E ′2 − |p′2,z| ≈ 0 along the beam line. Here E ′2 and p′2,z denote the energy
and longitudinal momentum of the unseen electron. This fact can be used to
replace Ehad+pz,had, the sum of the energy and longitudinal momentum of the
total hadronic system, by quantities obtained from the scattered electron. If
in addition the transverse momentum squared of the hadronic system, p2t,had,
is replaced by that of the scattered electron, p′21,t, a part of the uncertainty of
the measurement of the hadronic final state can be eliminated. The value of
W reconstructed in this scheme is called Wrec and has the following form
Wrec= (Ehad + pz,had) · (Ehad − pz,had)− p2t,had
=
[
2E −
(
E ′1 + p
′
1,z
)]
(Ehad − pz,had)− p′21,t . (53)
Because the quantities which are replaced depend on the properties of the
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Fig. 47. Comparison of different methods for the reconstruction of the invariant
mass of the hadronic final state. Shown are the generated mass W = Wγγ , the
visible mass obtained from the observed hadrons in the L3 detector, Wvis and Wrec,
defined in Eq. (53). All distributions are for the PHOJET Monte Carlo model in
the Q2 range 1.2− 9 GeV2.
hadronic final state, the improvement is expected to show some dependence on
the Monte Carlo programs used. For example, for the PHOJET Monte Carlo,
the improvement on the resolution in W can be seen from Figure 47, taken
from Ref. [89]. The generated values of W = Wγγ are compared to Wvis and
Wrec using the PHOJET Monte Carlo model in the Q
2 range 1.2−9 GeV2. The
improvement is expected to be largest for L3, because this detector, on top of
the general problems discussed above, suffers from a dead region in acceptance,
as can be seen from Figure 48, taken from Ref. [89]. The distribution ofWrec is
closer to theW distribution than theWvis distribution, but still the agreement
with W is not very good.
Recently, in Ref. [89], the PHOJET Monte Carlo model has been used for
the first time in a structure function analysis. Also for the first time in this
analysis the TWOGAM Monte Carlo program was used outside the DELPHI
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and Q2, and in bins of Q2. The models used are HERWIG5.9+kt, PHOJET and
TWOGAM.
collaboration. In Figure 48, taken from Ref. [89], the prediction of the hadronic
energy flow for these two models are compared to the L3 data for the Q2 range
1.2 − 9 GeV2. Again, these two models, although closer to the data than the
HERWIG5.8d and PYTHIA predictions in the case of the OPAL analysis, do
not accurately account for the features observed in the data distributions. In
the case of L3 the HERWIG5.9+kt model, which was tuned for the Q
2 region
of 6− 30 GeV2, does not provide a satisfactory description of the data taken
in the region 1.2 < Q2 < 9 GeV2, and therefore the L3 analysis of the photon
structure function F γ2 is only based on the PHOJET and TWOGAM models.
The above information is valuable in understanding the discrepancies, how-
ever, the investigations suffer from three main shortcomings. Firstly, always
slightly different cuts are applied to the experimental data, and therefore, al-
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though the data are rather indicative, it is not clear, whether a consistent
picture emerges from the results of the different experiments. Secondly, in the
present form, the data cannot be directly compared to the generated quantities
obtained without simulating the detector response. This is because either the
data are not corrected for detector effects, as in the case of L3, Figure 48, or
they still depend on cuts applied to the data, which is the case for the OPAL
distributions, Figures 45 and 46, which are only obtained for events fulfilling
the experimental cuts applied at the detector level. However, in order for the
authors to improve on their models it is mandatory that they can compare to
corrected distributions provided by the experiments, without the need of sim-
ulating the detector response. Thirdly, it is hard to get a reliable estimate of
the systematic error of the experimental result within one experiment, because
in this case it can only be obtained from varying the Monte Carlo predictions
using models which do not accurately describe the data, certainly not a very
reliable method.
To overcome these shortcomings a combined effort by the ALEPH, L3 and
OPAL collaborations and the LEP Working Group for Two-Photon Physics
has been undertaken, and preliminary results of this work have been reported
in Ref. [149]. The data of the experiments have been analysed in two regions
of Q2, 1.2− 6.3 GeV2 and 6− 30 GeV2, using identical cuts and also identical
Monte Carlo events passed through the respective programs of the individ-
ual experiments to simulate the detector response. The data are corrected
to the hadron level in a phase space region which is purely determined by
cuts at the hadron level, and the systematic error is estimated by the spread
of the corrected distributions of the three experiments. Then the data are
compared to predictions from the HERWIG5.9+kt and the PHOJET Monte
Carlo models. Several distributions are studied, namely, the reconstructed
invariant hadronic mass, defined within a restricted range in polar angles,
the transverse energy out of the plane defined by the beam direction and
the direction of the observed electron, the number of tracks, the transverse
momenta of tracks with respect to the beam axis, and the hadronic energy
flow as a function of the pseudorapidity. Preliminary results of this investi-
gation have been reported in Ref. [149]. It is found that for large regions in
most of the distributions studied, the results of the different experiments are
closer to each other than the sizeable differences which are observed between
the data and the models. Since the data distributions are corrected to the
hadron level, they can be directly compared to the predictions of the Monte
Carlo models. Therefore the combined LEP data serve as an important input
to improve on the Monte Carlo models. The investigation already led to an
improved version of the HERWIG5.9+kt program obtained by again alter-
ing the modelling of the intrinsic transverse momentum of the quarks within
the photon. While the fixed limit of k2t,max = 25 GeV
2 was adequate for the
region 6 < Q2 < 30 GeV2, for lower values of Q2, it introduces too much
transverse momentum. This has been overcome by dynamically adjusting the
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upper limit of kt by the event kinematic on an event by event basis. In this
scheme, called HERWIG5.9+kt (dyn) the maximum transverse momentum is
set to k2t,max ≈ Q2. This change leads to an improved description of the data
also for the region 1.2 < Q2 < 6.3 GeV2.
Another way of reducing the model dependence of the measured F γ2 is to
perform the unfolding in two dimensions, as described in Section 5.2. Recent
preliminary results from the ALEPH and OPAL experiments, presented in
Refs. [160] and [161] respectively, show that this indeed reduces the systematic
uncertainty on the structure function measurements.
From the discussion above it is clear that the error on the measurement of
F γ2 will vary strongly with the selection of Monte Carlo models chosen to
obtain the size of the systematic uncertainty. However, given the improved
understanding of the shortcomings and the combined effort in improving on
the Monte Carlo description of the data, it is likely that the error on F γ2 will
shrink considerably in future measurements. This closes the discussion about
the description of the hadronic final state by the Monte Carlo models, and the
measurements of F γ2 will be discussed next.
7.2 Hadronic structure function F γ2
Many measurements of the hadronic structure function F γ2 have been per-
formed at several e+ e− colliders. Because in some cases it is not easy to cor-
rectly derive the errors of several of the measurements, a detailed survey of
the available results has been performed, the outcome of which is presented in
Appendix D. The measurements and what can be learned from them about
the structure of the photon and on its description by perturbative QCD is
discussed in the following. The interpretation of the data will only be based
on published results, and on preliminary results from the LEP experiments,
which are likely to be published soon. In contrast the preliminary results from
Refs. [96,105,104,106,113], which were used in the fit procedures of several of
the parton distribution functions of the photon, but which never got published,
are regarded as obsolete, and will not be considered here. In all summary fig-
ures presented below only those preliminary results from the LEP experiments
are included which are based on data which have not yet been published. For
the preliminary results which are meant to replace a previous measurement
in the near future the previously published result will be shown until the new
result is finalised.
The range in 〈Q2〉 covered by the various experiments is 0.24 < 〈Q2〉 <
400 GeV2, which is impressive given the small cross section of the process.
The published results from the ALEPH [162], AMY [84,85], DELPHI [86],
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Fig. 49. Measurements of the hadronic structure function F γ2 except from LEP.
The points represent the data with their statistical (inner error bars) and total
errors (outer error bars), if available, otherwise only the full errors are shown. The
measured data are shown in comparison to the prediction of F γ2 obtained from
the GRV higher order parton distribution function, using the Q2 values given in
brackets.
JADE [67], L3 [89,163], OPAL [87,90,91], PLUTO [68,69], TASSO [70], TPC/2γ [72]
and TOPAZ [71] experiments can be found in Tables D.1− D.10. The addi-
tional preliminary results from the ALEPH [160], L3 [164] and DELPHI [165,166]
experiments are listed in Tables D.11−D.13
In the present investigations of the photon structure function F γ2 two distinct
features of the photon structure are investigated. Firstly, the shape of F γ2
is measured as a function of x at fixed Q2. Particular emphasis is put on
measuring the low-x behaviour of F γ2 in comparison to F
p
2 as obtained at
HERA. Secondly, the evolution of F γ2 with Q
2 is investigated. As explained in
Section 3.4, this evolution is predicted by QCD to be logarithmic. These two
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Fig. 50. Comparison of measurements of F γ2 at low values of Q
2. The OPAL data at
〈Q2〉 of 1.86 and 3.76 GeV2 are compared to previous results from the PLUTO and
TPC/2γ experiments. The points represent the OPAL data with their statistical
(inner error bars) and total errors (outer error bars). For the previous data only
the total errors are shown. The tic marks at the top of the figures indicate the bin
boundaries of the OPAL analysis.
issues are discussed.
The collection of measurements on F γ2 which have been performed at e
+ e−
centre-of-mass energies below the mass of the Z boson is shown in Figure 49.
Their precision is mainly limited by the statistical error and, due to the simple
assumptions made on the hadronic final state, the systematic errors are small,
but in light of the discussion above, they may be underestimated. The global
behaviour of the data is roughly described, for example, by the F γ2 obtained
from the GRV higher order parton distribution function. However, some of
the data show quite unexpected features. For example, the structure function
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Fig. 51. Preliminary update of F γ2 at low values of Q
2 from OPAL. The preliminary
OPAL data at 〈Q2〉 of 1.9 and 3.8 GeV2 are compared to the results from the
PLUTO and L3 experiments. The points represent the data with their statistical
(inner error bars) and total errors (outer error bars). For the PLUTO result only
the total errors are shown. For the L3 result the errors are obtained as explained in
Table D.5.
as obtained from the TPC/2γ experiment shows an unexpected shape at low
values of x, and also the results from TOPAZ rise very fast towards low values
of x. In addition there is a clear disagreement between the TASSO and JADE
data at 〈Q2〉 = 23 − 24 GeV2. Certainly at this stage much more data were
needed to clarify the situation.
The measurement of F γ2 has attracted much interest at LEP over the last
years. The LEP Collaborations have measured the photon structure function
F γ2 in the range 0.002 < x
<
∼ 1 and 1.86 < 〈Q2〉 < 400 GeV2. The first
published result of the low-x behaviour of F γ2 at low values of Q
2 performed
on a logarithmic scale in x is shown in Figure 50. The data have been unfolded
based on the HERWIG5.8d Monte Carlo model. Only a weak indication of a
possible rise at low values of x for Q2 < 4 GeV2 is observed. More important,
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Fig. 52. The measurements of F γ2 at low values of Q
2 from L3. The points represent
the L3 data with their total experimental errors, but excluding the large error stem-
ming from the choice of Monte Carlo model. The models chosen for the unfolding
of F γ2 from the data are PHOJET (set1) and TWOGAM (set2).
the data seem to be consistently higher than what is predicted by the GRV
and SaS1D parametrisations. In addition, there emerges an inconsistency at
Q2 ≈ 4 GeV2, between the OPAL and PLUTO data of Refs. [91] and [68] on
one hand, and the TPC/2γ data of Ref. [72] on the other hand.
Recently a preliminary update of the OPAL measurement at low values of
Q2, shown in Figure 51, has been presented in Ref. [161]. The new OPAL
analysis is based on the same data as the published results, but uses the
PHOJET and the improved HERWIG5.9+kt Monte Carlo models explained
above, which much better describe the experimentally observed distributions
than the HERWIG5.8d model used for the results in Figure 50. In addition
the method of two-dimensional unfolding based on the GURU program has
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been explored. With these improvements the systematic errors could be con-
siderably reduced and now, this new measurement is consistent with the GRV
leading order prediction. By repeating the analysis with the HERWIG5.8d
Monte Carlo model, but using two-dimensional unfolding, the new analysis
leads to results consistent with the published results from Ref. [91], however
with reduced errors. From this it can be concluded that firstly, the high val-
ues of the published results are due to the bad description of the data by
the HERWIG5.8d model, and secondly that the two-dimensional unfolding
reduces the error of the measurement, even when using an inaccurate model
for the unfolding of F γ2 .
A similar analysis at low values of x andQ2, shown in Figure 52, was performed
by the L3 experiment in Ref. [89]. Two results for F γ2 were presented which
differ in the model chosen for the unfolding of F γ2 from the data. The published
results are for PHOJET (set1) and TWOGAM (set2). From the measurement
it is clear that although some improved description of the hadronic final state
can be achieved by the PHOJET and TWOGAM models, the model uncer-
tainty still is the dominant error source at low values of x. At Q2 = 5 GeV2
the LAC1 and LAC2 predictions are consistent with the L3 result. However,
the L3 result is consistently higher than the SaS1D and the leading order
GRV parametrisations of F γ2 for both values of Q
2. Given the quoted errors
of the L3 result the GRV and SaS parametrisations need to be revisited. In
addition, as can be seen from Figure 51, the preliminary OPAL and the L3
measurements are consistent with each other.
The measurements discussed above are based on the entire data of the LEP1
running period at e+ e− centre-of-mass energies around the mass of the Z
boson. The first published result based on data for
√
see > mZ is shown in
Figure 53, taken from Ref. [90]. Due to the higher energy of the beam electrons
the Q2 acceptance of the detectors is changed, see Figure 7 and Eq. (9). As
a rule of thumb the values of Q2 accepted at LEP2 energies is about a factor
of four higher than those accepted at LEP1 energies, when using the same
detector device to measure the scattered electron. The results in Figure 53
cover the 〈Q2〉 range from 9 to 59 GeV2. The measured F γ2 as a function of x
is almost flat within this region and the absolute normalisation of F γ2 is well
described by the predictions of the leading order GRV (solid) and the SaS1D
(dot-dash) parametrisations of F γ2 evaluated at the corresponding values of
〈Q2〉.
Figure 53 also shows an augmented asymptotic prediction for F γ2 (ASYM).
The contribution to F γ2 from the three light flavours is approximated by the
leading order asymptotic form from Ref. [21], using the parametrisation given
in Ref. [30]. This has been augmented by adding a point-like charm contri-
bution and a prediction for the hadron-like part of F γ2 for Λ3 = 0.232 GeV.
The point-like charm contribution has been evaluated from the leading order
101
00.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
0
0.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
0
0.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
0
0.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
0
0.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
x
Fγ 2
 
(x)
 / α < Q2> = 9. GeV2
OPAL
(a)
GRV
SaS1D
x
Fγ 2
 
(x)
 / α < Q2> = 30. GeV2
OPAL
(b)
ASYM
HAD
x
Fγ 2
 
(x)
 / α < Q2> = 14.5 GeV2
OPAL
(c)
x
Fγ 2
 
(x)
 / α < Q2> = 59. GeV2
OPAL
(d)
x
Fγ 2
 
(x)
 / α < Q2> = 11. GeV2
OPAL
(e)
x
Fγ 2
 
(x)
 / α < Q2> = 41. GeV2
OPAL
(f)
0
0.25
0.5
0.75
1
0 0.2 0.4 0.6 0.8 1
Fig. 53. The first measurement of F γ2 for
√
see > mZ . The structure function F
γ
2
is measured for four active flavours in four bins in Q2 with mean values of (a)
〈Q2〉 = 9 GeV2, (b) 〈Q2〉 = 30 GeV2, (c) 〈Q2〉 = 14.5 GeV2, and (d) 〈Q2〉 =
59 GeV2. In (e) the measurement for the combined data sets of (a) and (c), and
in (f) the measurement for the combined data sets of (b) and (d) is shown. The
points represent the OPAL data with their statistical (inner error bars) and total
errors (outer error bars). The tic marks at the top of the figures indicate the bin
boundaries. The data are compared to several predictions described in the text.
Bethe-Heitler formula, Eq. (41) for P 2 = 0 and mc = 1.5 GeV. The estimate
of the hadron-like part of F γ2 is given by the hadron-like part of the GRV
leading order parametrisation of F γ2 for four active flavours, and evolved to
the corresponding values of 〈Q2〉. It is known that the asymptotic solution has
deficits in the region of low-x, because of the divergences in the solution which
do not occur in the solution of the full evolution equations, as explained in
Section 3.4. However, the asymptotic solution has the appealing feature that it
is calculable in QCD, even at higher order and for medium x and with increas-
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ing Q2 it should be more reliable. In addition, at high values of x and Q2 the
hadron-like contribution is expected to be small. In the region of medium val-
ues of x studied in Figure 53 this asymptotic prediction in general lies higher
than the GRV and SaS predictions but it is still consistent with the data.
The importance of the hadron-like contribution to F γ2 (HAD), which is shown
separately at the bottom of the figure, decreases with increasing x and Q2,
and it accounts for only 15% of F γ2 at Q
2 = 59 GeV2 and x = 0.5. The asymp-
totic solution increases with decreasing Λ. For Q2 = 59 GeV2 and x = 0.5 the
change in F γ2 is +24% and −16% if Λ is changed from Λ3 = 0.232 GeV to
0.1 GeV and 0.4 GeV respectively.
By now, many more measurements for
√
see > mZ using much higher data
luminosities have been performed by the LEP experiments. All LEP mea-
surements are displayed in Figure 54. The measurements obtained at LEP1
energies are shown with open symbols, whereas those obtained at LEP2 ener-
gies are shown with closed symbols. The varying energies of the beam electrons
give the opportunity to compare data at similar Q2 but using different detec-
tor devices to measure the scattered electron. The results are consistent with
each other, which gives confidence that the systematic errors are well enough
controlled.
A summary of all measurements of F γ2 is shown in Figure 55. The comparison
to the GRV higher order prediction of F γ2 shows an overall agreement, but also
some regions where the prediction does not so well coincide with the data. This
large amount of data, which partly is rather precise, gives the possibility to
study the consistency of the predictions with the data. The quality of the
agreement is evaluated by a simple χ2 method based on
χ2 =
dof∑
i=1
(
F γ2,i − 〈F γ2 (x, 〈Q2〉, 0)〉
σi
)2
, (54)
where the sum runs over all experiments, all 〈Q2〉 values, and all bins in x.
The term F γ2,i denotes the measured value of F
γ
2 in the i
th bin and σi is its
total error. The theoretical expectation is approximated by the average F γ2 in
that bin in x at Q2 = 〈Q2〉 and at P 2 = 0, abbreviated with 〈F γ2 (x, 〈Q2〉, 0)〉.
If, as in the case of the OPAL, the experiments quote asymmetric errors, this
is taken into account by chosing the appropriate error depending on whether
the prediction lies above or below the measured value. The procedure is not
very precise, as it does not take into account the correlation of the errors
between the data points and the experiments. However, because there are
common sources of errors, it is most likely that by using this method the
experimental error is overestimated. Given this, the predictions which are
not compatible with the data are probably even worse approximations of the
data when the comparison is done more precisely. A more accurate analysis
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Fig. 54. Measurements of the hadronic structure function F γ2 from LEP. Same as
Figure 49 but showing the results from the LEP experiments.
would require to study in detail the correlation between the results within one
experiment, but even more difficult, the correlation between the results from
different experiments. This is a major task which is beyond the scope of the
comparison presented here.
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Fig. 55. Summary of measurement of the hadronic structure function F γ2 . Same as
Figure 49 but showing all available results on F γ2 .
The predictions used in the comparison are the WHIT parametrisations, which
are the most recent parametrisations based on purely phenomenological fits to
the data, and the GRV, GRSc and SaS predictions, which use some theoretical
prejudice to construct F γ2 as detailed in Section 4. The theoretical expectation
is approximated by 〈F γ2 (x, 〈Q2〉, 0)〉. If F γ2 (〈x〉, 〈Q2〉, 0), the structure function
at the average value of x, is taken instead, the results only slightly differ, which
means that the comparison is not very sensitive to the shape of F γ2 within the
bins chosen. The results of this comparison are listed in Tables 4 and 5.
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Table 4
Comparison of the GRV, GRSc and SaS1 predictions with measurements of
F γ2 . The values are calculated using all data shown in Figure 55, apart from
TPC/2γ at 〈Q2〉 = 0.24 GeV2 which has a 〈Q2〉 below the lowest value for
which a parametrisation of F γ2 exists. Listed are the number of data points (dof)
as well as the values of χ2/dof as calculated from Eq. (54) for the individual
experiments and for all data points (all). The minimum Q2 for the GRSc para-
metrisation is larger than the value for TPC/2γ at 〈Q2〉 = 0.38 GeV2, therefore
for GRSc the number of points is only 15 and 161 for TPC/2γ and for all data,
compared to the total number of 19 and 165. For experiments which have mea-
sured F γ2 for 〈Q2〉 values below and above 4 GeV2, in addition the χ2/dof values
for the comparison based only on data for 〈Q2〉 > 4 GeV2 are shown in a second row.
GRV GRSc SaS
LO HO LO 1D 1M
Exp. dof χ2/dof
AMY 8 0.75 1.03 0.71 0.99 0.86
JADE 8 1.01 1.16 1.03 1.09 1.00
PLUTO 13 0.50 0.46 0.53 0.60 0.51
〈Q2〉 > 4 GeV2 10 0.55 0.38 0.60 0.71 0.61
TASSO 5 0.97 0.77 1.03 1.03 0.85
TPC/2γ 19/15 4.52 4.11 7.34 2.00 3.98
〈Q2〉 > 4 GeV2 3 0.54 0.67 0.92 0.40 0.58
TOPAZ 8 1.89 2.15 1.67 2.40 1.89
ALEPH 20 0.96 1.41 0.90 1.74 1.01
DELPHI 24 0.69 1.47 0.99 1.12 0.74
L3 28 2.40 2.10 1.82 3.93 2.36
〈Q2〉 > 4 GeV2 22 1.91 2.21 1.20 3.43 1.95
OPAL 32 0.84 0.80 0.41 1.22 0.85
〈Q2〉 > 4 GeV2 24 0.45 0.55 0.37 0.79 0.50
all 165/161 1.55 1.64 1.58 1.81 1.50
〈Q2〉 > 4 GeV2 132 0.98 1.29 0.90 1.56 1.02
None of the parametrisations has difficulties to describe the AMY, JADE,
PLUTO and TASSO data, and they all disfavour the TPC/2γ results, which
show an unexpected shape as function of x. The WHIT parametrisations pre-
dict a faster rise at low-x than the GRV, GRSc and the SaS parametrisa-
tions. Therefore, the agreement with the TOPAZ data is satisfactory for the
WHIT parametrisations, whereas the GRV, GRSc and the SaS1 parametri-
sations yield values of χ2/dof of around 2, and the SaS2 parametrisations lie
somewhere between these extremes. For the same reason the WHIT parametri-
sations fail to describe the ALEPH and DELPHI data which tend to be low
at low values of x, thereby leading to large χ2/dof for the WHIT parametri-
sations, especially for the sets WHIT4-6 which use a = 1, as explained in Sec-
106
Table 5
Comparison of the SaS2 and WHIT predictions with measurements of F γ2 . Same
as Table 4, but including only data with 〈Q2〉 > Q20 = 4 GeV2.
SaS WHIT
2D 2M 1 2 3 4 5 6
Exp. dof χ2/dof
AMY 8 1.01 1.09 0.74 0.67 0.71 0.76 0.63 0.58
JADE 8 1.52 1.51 1.25 1.09 1.05 1.27 1.11 1.08
PLUTO 10 0.58 0.60 0.62 0.57 0.56 0.81 0.65 0.63
TASSO 5 0.52 0.45 0.64 0.66 0.66 0.83 0.80 0.74
TPC/2γ 3 2.38 2.50 1.83 1.53 1.26 3.02 2.23 1.55
TOPAZ 8 1.29 1.34 1.10 1.05 1.19 0.63 0.89 1.07
ALEPH 20 1.09 1.18 1.76 8.39 14.43 14.04 52.58 81.73
DELPHI 24 0.95 0.88 1.72 7.90 13.76 13.69 46.39 73.32
L3 22 1.22 1.37 0.86 1.26 1.88 3.78 9.61 11.40
OPAL 24 0.45 0.48 0.40 0.45 0.53 1.14 1.99 2.18
all 132 0.97 1.01 1.10 3.27 5.37 5.78 18.66 28.29
tion 4. The only acceptable agreement is achieved by using the set WHIT1.
The OPAL results tend to be high at low values of x and also they have larger
errors, therefore only the extreme cases WHIT5-6 lead to unacceptable val-
ues of χ2/dof. The L3 experiment quotes the smallest uncertainties on their
results which tend to be high at low values of Q2. Consequently, none of the
parametrisations which are valid below Q2 = 4 GeV2 is able to describe the
L3 data and all lead to large values of χ2/dof. For Q2 > 4 GeV2 the agreement
improves but the values of χ2/dof are still too large, except for GRSc. For the
parametrisations valid for Q2 > 4 GeV2 the best agreement with the L3 data
is obtained for WHIT1. This comparison shows that already at the present
level of accuracy the measurements of F γ2 are precise enough to constrain the
parametrisations and to discard those which predict a fast rise at low-x driven
by large gluon distribution functions.
In conclusion, for the parametrisations valid for Q2 > 4 GeV2 satisfactory
agreement is found with the SaS2 and the WHIT1 parametrisations, except
for the measurements of TPC/2γ. For the parametrisations evolved from lower
scales, agreement is found for Q2 > 4 GeV2 with the exception of the L3 and
TOPAZ data, and at lower values of Q2 they are not able to account for the
TPC/2γ and L3 results.
The second topic which is extensively studied using the large lever arm in
Q2, is the evolution of F γ2 with Q
2. The first measurements of this type were
performed for F γ2 for three light flavours and the contribution to F
γ
2 from
charm quarks was subtracted from the data based on the QPM prediction.
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Fig. 56. The measured Q2 evolution of F γ2 for three active flavours. The data
with their full errors are compared to leading order predictions of F γ2 for the re-
gion 0.3 < x < 0.8. Shown are the GRV and SaS1D parametrisations of F γ2 , the
augmented asymptotic F γ2 (ASYM), and the purely asymptotic prediction (Witten),
described in the text. The asymptotic predictions are evaluated for Λ3 = 0.232 GeV.
This was motivated by the fact that at low values of Q2 the charm contribu-
tion is small and that the main aim of the analyses was to compare to the
perturbative predictions for light quarks based on the asymptotic solution. At
the time of most of the measurements no parton distribution functions of the
photon were available. A summary of the published measurements of the Q2
evolution of F γ2 (Q
2, uds) is given in Table D.14 and shown in Figure 56, where
the point for TASSO has been obtained from combining the three middle bins
listed in Table D.8. The data are nicely described by the predictions from the
SaS1D and GRV parametrisations of F γ2 . The purely asymptotic prediction
from Ref. [21], using the parametrisation given in Ref. [30] for Λ3 = 0.232 GeV
(Witten), predicts a slightly lower F γ2 than is seen in the data, whereas the
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augmented asymptotic solution (ASYM) is somewhat high compared to the
data, but both are still consistent with the measured F γ2 .
At higher values of Q2 the charm quark contribution to F γ2 gets larger and
today also parametrisations of F γ2 for four active flavours are available. Con-
sequently, more recent analyses of the evolution of F γ2 with Q
2 are based on
measurements of F γ2 for four active flavours. In addition, due to the larger
statistics available, the experiments start to look into the evolution using sev-
eral ranges in x for the same value of 〈Q2〉. The first LEP measurement of
this type is shown in Figure 57, taken from Ref. [87]. In Figure 57(a) the re-
sult for the range 0.1 < x < 0.6 is compared to several parametrisations of
F γ2 . Shown are the leading order (LO) predictions of the GRV and the SaS1D
parametrisations, both including the contribution to F γ2 from massive charm
quarks, and a higher order (HO) calculation provided by E. Laenen, based on
the GRV higher order parametrisation for three light quarks, complemented
by the contribution of charm quarks to F γ2 based on the higher order calcu-
lation using massive charm quarks of Ref. [52]. The differences between the
three predictions are small compared to the experimental errors, and all pre-
dictions nicely agree with the data. In addition, the data are compared to the
augmented asymptotic prediction as detailed above. This approximation lies
higher than the data at low Q2 and approaches the data at the highest Q2
reached.
The evolution of F γ2 with Q
2 is measured by fitting a linear function of the
form a+ b ln(Q2/GeV2) to the data for the region 0.1 < x < 0.6. Here a and
b are parameters which are taken to be independent of x within the bin in x
chosen. The fit to the OPAL data in the Q2 range of 7.5−135 GeV2 yields
F γ2 (Q
2)/α = (0.16± 0.05+0.17
−0.16) + (0.10± 0.02+0.05−0.02) ln (Q2) ,
where Q2 is in GeV2, with χ2/dof = 0.77 for the central value, as quoted in
Ref. [90]. The slope d(F γ2 /α)/d lnQ
2 is significantly different from zero but
not precisely measured yet.
The photon structure function F γ2 is expected to increase with Q
2 for all values
of x, but the size of the scaling violation is expected to depend on x, as shown
in Figure 29. To examine whether the data exhibit the predicted variation
in d(F γ2 /α)/d lnQ
2, the Q2 range 1.86−135 GeV2 is analysed using common
x ranges. Figure 57(b) shows the measurement in comparison to the higher
order calculation explained above. The points of inflection of F γ2 for Q
2 below
15 GeV2 are caused by the charm threshold. The data show a slightly steeper
rise with Q2 for increasing values of x, which is reproduced by the prediction of
the higher order parametrisation of F γ2 . However, to experimentally observe
the variation of d(F γ2 /α)/d lnQ
2 with x the inclusion of more data and a
reduction of the systematic error are needed.
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Fig. 57. The measured Q2 evolution of F γ2 from OPAL. The measurement of F
γ
2 is
shown for four active flavours as a function of Q2, in (a) for the range 0.1 < x < 0.6,
and in (b) subdivided into 0.02 < x < 0.10, 0.10 < x < 0.25 and 0.25 < x < 0.60.
In addition shown in (a) are the F γ2 of the GRV leading order (LO) and the SaS1D
parametrisations, the F γ2 of the augmented asymptotic prediction (ASYM) and the
result of a higher order calculation (HO), where the last two predictions are only
shown for Q2 > 4 GeV2. In (b) the data are only compared to the higher order
prediction. The points represent the OPAL data with their statistical (inner error
bars) and total errors (outer error bars). In some of the cases the statistical errors
are not visible because they are smaller than the size of the symbols.
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Fig. 58. The measuredQ2 evolution of F γ2 from L3. The measurement of F
γ
2 is shown
for four active flavours as a function of Q2, for four ranges in x, 0.01 < x < 0.1,
0.1 < x < 0.2, 0.2 < x < 0.3 and 0.3 < x < 0.5. The data are compared to F γ2 from
the leading order GRV, SaS1D, and LAC1 parametrisations. In addition shown is
a fit to the data explained in the text. The points represent the L3 data with their
total errors.
A similar analysis performed by the L3 experiment is shown in Figure 58,
taken from Ref. [163]. Unfortunately the x ranges are slightly different and
the data cannot easily be combined. For x > 0.2 the L3 data are described
by all shown leading order parametrisations of F γ2 , from LAC1, SaS1D and
GRV. For smaller values of x some differences are seen. In the range 0.1 <
x < 0.2 the data show a steeper behaviour than what is predicted by the
three parametrisations of F γ2 , and for 0.01 < x < 0.1 they are higher than the
SaS1D and GRV predictions, but show a similar slope, whereas the F γ2 based
on the LAC1 parametrisation predicts a much too fast rise with Q2.
The L3 data were fitted, as explained for the OPAL result above, in two regions
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Fig. 59. The measured Q2 evolution of F γ2 at medium x. The data with their full
errors are compared to the predictions based on the leading order GRV and SaS1D
parametrisations and to a higher order prediction (HO), as well as to an augmented
asymptotic F γ2 (ASYM), both described in the text, all for the range 0.1 < x < 0.6.
In addition shown are the leading order GRV predictions for two other ranges in x,
0.2 < x < 0.9 and 0.3 < x < 0.8.
of x, 0.01 < x < 0.1 and 0.1 < x < 0.2, using the Q2 range of 1.2−30 GeV2.
The results for the two regions are
F γ2 (Q
2)/α=(0.13± 0.01± 0.02) + (0.080± 0.009± 0.009) ln (Q2/GeV2),
F γ2 (Q
2)/α=(0.04± 0.08± 0.08) + ( 0.13± 0.03± 0.03) ln (Q2/GeV2),
with χ2/dof of 0.69 and 0.13 for the central values. The results obtained by
the L3 experiment are consistent with the OPAL result, which is valid for
0.1 < x < 0.6.
112
Q2 [GeV2]
F 2γ
 
/ α
 
+
 N
0.0055
0.055
0.15
0.25
0.35
0.50
0.70
0.90
< x >
 1
 2
 3
 4
 5
 6
 7
 8
 N
OPAL
L3
DELPHI (prl)
ALEPH (prl)
JADE
PLUTO
TASSO
AMY
TOPAZ
TPC
GRV (LO)
ASYM
SaS1D
0
2
4
6
8
10
12
10 -1 1 10 10 2 10 3
Fig. 60. Summary of the measurements of the Q2 evolution of F γ2 . The data with
their full errors are compared to the predictions based on the leading order GRV
and SaS1D parametrisations and to an augmented asymptotic F γ2 , described in the
text. The bins used have boundaries of 0.001, 0.01, 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 0.99,
with central values as shown in the figure. To separate the measurements from each
other an integer value, N, counting the bin number is added to the measured F γ2 .
A collection of all available measurements of the evolution of F γ2 for four
active flavours and at medium values of x is listed in Table D.15 and shown in
Figure 59. For the PLUTO result the average F γ2,c in the range 0.3 < x < 0.8
for the 〈Q2〉 values of the analyses has been added to the published three
flavour result. The charm contribution has been obtained from Eq. (41), for
P 2 = 0 and mc = 1.5 GeV. The only significant contribution from charm
quarks is for 〈Q2〉 = 45 GeV2, where F γ2 increases from 0.55 to 0.73. As above
for the three flavour result, the point for TASSO has been obtained from
combining the three middle bins listed in Table D.8.
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Fig. 61. Measurements of the Q2 evolution of F γ2 compared to a linear fit. The same
data as in Figure 60 are compared to the results of linear fits using the function
a+ b ln(Q2/Λ2), with Λ = 0.2 GeV (dash) together with the errors of the fit (dot).
In addition, the predictions of the leading order GRV parametrisations of F γ2 are
shown as full lines.
Unfortunately the different experiments quote their results for different ranges
in x which makes the comparison more difficult because the predictions for
the various ranges in x start to be significantly different for Q2 > 100 GeV2,
as can be seen from the GRV predictions for three different ranges of x shown
in Figure 59. The measurements are consistent with each other and a clear rise
of F γ2 with Q
2 is observed. Again, this rise can be described reasonably well
by the leading order augmented asymptotic prediction for Λ3 = 0.232 GeV.
In Figure 59 only the medium x region is studied. The large amount of data
shown in Figure 55 enables to investigate the variation of the scaling violation
as a function of x in more detail. For this purpose the data from Figure 55
are displayed differently in Figure 60. The data are shown as a function of
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Table 6
Fit results of the Q2 evolution of F γ2 . Listed are the results for the parameters a
and b of the fit using the function a+ b ln(Q2/Λ2), with Λ = 0.2 GeV. The errors
are the one σ parameter errors as defined by the MINUIT program. The number of
degrees of freedom is denoted with dof, and the correlation of the two parameters
with cor.
x a± σa b± σb dof χ2/dof cor
0.001 − 0.01 −0.02 ± 0.01 0.052 ± 0.004 18 1.69 -0.95
0.01 − 0.1 −0.04 ± 0.01 0.062 ± 0.003 36 1.36 -0.94
0.1− 0.2 −0.08 ± 0.02 0.078 ± 0.004 33 0.51 -0.92
0.2− 0.3 −0.18 ± 0.04 0.102 ± 0.009 15 1.12 -0.95
0.3− 0.4 −0.28 ± 0.08 0.12 ± 0.02 13 0.65 -0.97
0.4− 0.6 −0.44 ± 0.08 0.15 ± 0.01 20 0.28 -0.98
0.6− 0.8 −0.21 ± 0.17 0.12 ± 0.03 15 0.87 -0.98
0.8− 0.98 −1.4± 1.1 0.30 ± 0.15 2 0.35 -0.99
Q2, divided in bins of x, with bin boundaries of 0.001, 0.01, 0.1, 0.2, 0.3, 0.4,
0.6, 0.8, 0.99 and central values as shown in the figure. Each individual mea-
surement is attributed to the bin with the closest central value in x used. To
separate the measurements from each other an integer value, N, counting the
bin number is added to the measured F γ2 . The theoretical predictions are taken
as the average F γ2 in the bin. The Q
2 ranges used for the predictions are the
maximum ranges possible for 1 < W < 250 GeV and Q20 < Q
2 < 1000 GeV2,
where Q20 is the starting scale of the evolution for the respective parametri-
sation of F γ2 . The general trend of the data is followed by the predictions of
the augmented asymptotic solution, and the GRV and SaS1D leading order
parametrisations of F γ2 , however, differences are seen in specific ranges in x
which were discussed above in connection with Figure 55.
To quantify the increasing slope as function of Q2 for increasing values of x,
the data are fitted, in bins of x by a linear function of the form a+b ln(Q2/Λ2),
with Λ = 0.2 GeV. The results of the fit are displayed in Figure 61 and listed
in Table 6. Because some of the data contain asymmetric errors, the central
values and errors of the fit parameters are not obtained from analytically
solving the problem, but rather the MINUIT program from Ref. [167] has been
used to perform the fit. The fitted values for the parameters a and b, as well as
their errors are given. The errors are calculated as the one σ parameter errors
defined by the MINUIT program, as explained in Ref. [167]. They reflect the
change of a given parameter, when the χ2 is changed from χ2min to χ
2
min + 1.
The parameters a and b are almost 100% anticorrelated. The errors of the
fitted functions are indicated in Figure 61 using the full error matrix. For
comparison the GRV leading order predictions are shown as well. Although
the prediction, for example, from the GRV leading order parametrisation is
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Fig. 62. TheQ2 evolution of F γ2 for three active flavours compared to the asymptotic
solution and the QPM prediction. The same data as in Figure 60 are used and the
charm contribution is subtracted as explained in the text. The three flavour results
are compared to the prediction of the asymptotic solution with Λ3 = 0.232 GeV
(Witten, full) and to the QPM prediction assuming mqk = 0.2 GeV (QPM, dash).
not compatible with such a linear approximation, the data, at the present
level of accuracy, can be fitted with linear functions with acceptable values
of χ2/dof. In some cases χ2/dof is much smaller than unity indicating that
using the full error is overestimating the errors. Consequently, the data are
more precise and a combined fit with a careful estimation of the correlation of
the errors should be performed soon. The results of the fits listed in Table 6,
show a significant increase in slope for increasing x in accordance with the
theoretical expectation.
To compare the data more directly to the asymptotic solution of F γ2 , without
the complication due to the heavy quark contribution, the charm quark con-
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Table 7
Comparison of the Q2 evolution of F γ2 to the asymptotic solution and to the QPM
prediction. Listed are the ranges in x used, the number of data points in each
range, dof, and the χ2/dof values for the predictions of F γ2 from the asymptotic
solution (Witten), for Λ3 = 0.232 GeV and the quark parton model (QPM), for
mqk = 0.2 GeV.
Witten QPM
x dof χ2/dof χ2/dof
0.001 − 0.01 20 14.7 56.9
0.01 − 0.1 38 16.2 18.8
0.1 − 0.2 35 3.76 2.85
0.2 − 0.3 17 2.84 1.69
0.3 − 0.4 15 1.01 1.86
0.4 − 0.6 22 1.02 1.27
0.6 − 0.8 17 0.84 0.99
0.8− 0.98 4 0.76 1.94
tribution is subtracted from the measurements based on the point-like QPM
prediction, Eq. (41), for P 2 = 0 and for a charm quark mass of mc = 1.5 GeV.
In Figure 62 the three flavour result is compared to the leading order asymp-
totic prediction from Ref. [21], using the parametrisation given in Ref. [30],
for Λ3 = 0.232 GeV, and to the QPM prediction for the three light quarks
assuming mqk = 0.2 GeV. The values of χ
2/dof as calculated from Eq. (54)
are given in in Table 7.
At low values of x both predictions undershoot the data, and the agreement
improves with increasing values of x. For x > 0.3 the asymptotic prediction
gives a slightly better description than the QPM prediction resulting in χ2/dof
values around 1. It is a very interesting observation that the perturbative
prediction is able to describe the behaviour for large x for a reasonable value
of the only free parameter Λ3.
To make a more quantitative statement on the description of the measured F γ2
by the perturbative prediction, an x-dependent parametrisation of the next-to-
leading order asymptotic prediction must be available. Then, the data should
be compared to the next-to-leading order asymptotic prediction to fix the QCD
scale Λ, with a proper definition of the region of validity of this approximation
to avoid the singularities. In addition, then the charm subtraction could also
be based on the next-to-leading order calculation from Ref. [52]. Finally the
contribution of the hadron-like component of the charm production should be
investigated, especially at low values of x.
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(a)
(b)
Fig. 63. The effective photon structure function F γeff from PLUTO. In (a) F
γ
eff as
a function of x is compared to the next-to-leading order (NLO) result of the GRS
parametrisation of the parton distribution functions of virtual photons with, and
without, including a hadron-like component at the starting scale of the evolution,
denoted with NLO (full) and NLO (η = 0) respectively. In (b) the P 2 evolution is
shown in comparison to the full next-to-leading order result for three values of x,
0.3, 0.2 and 0.15, and in comparison to the prediction for η = 0 at x = 0.15.
7.3 Hadronic structure of virtual photons
The structure functions of virtual photons can be determined in the region
Q2 ≫ P 2 ≫ Λ2 by measuring the cross-sections for events where both elec-
trons are observed. In this region Eq. (18) can be used to define an effective
structure function F γeff as explained in Section 3.1. Due to the P
2 suppression
of the cross-section these measurements suffer from low statistics.
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The first measurement of this type has been performed by the PLUTO ex-
periment in Ref. [6], for 〈P 2〉 = 0.35 GeV2 and 〈Q2〉 = 5 GeV2. In Figure 63,
taken from Ref. [119], the PLUTO measurement is compared to the theoreti-
cal predictions from the GRS parametrisations. In Figure 63(a) the structure
function F γeff as a function of x is compared to three theoretical predictions in
next-to-leading order. The best description of the data is obtained using the
next-to-leading order result including a non-perturbative input at the starting
scale of the evolution. If the hadron-like input is neglected, which corresponds
to η = 0, the prediction is consistently lower than the data, but still consis-
tent with it, within the experimental errors. Also the prediction obtained by
calculating F γeff solely from the box diagram is still consistent with the data,
although it is the lowest at high values of x. In Figure 63(b) the structure
function F γeff is shown as a function of P
2, including the result of F γ2 for the
quasi-real photon. The measurement suggests a slow decrease with increasing
P 2, but it is also consistent with a constant behaviour. The full next-to-leading
order prediction is shown for three values of x and, for x = 0.15, in addition
the purely perturbative solution is shown. Also for the P 2 evolution the full
next-to-leading order prediction gives the best description of the data and the
purely perturbative prediction is at the low end.
Recently preliminary results of a similar measurement, using the full data
taken at LEP1 energies, has been presented by the L3 experiment in Ref. [164].
The average virtualities for the L3 result are 〈Q2〉 = 120 GeV2 and 〈P 2〉 =
3.7 GeV2. In Figure 64, taken from Ref. [164], the measurement of F γ2 for
quasi-real photons and the effective structure function, both as functions of x,
are compared to several theoretical predictions. As in the case of PLUTO the
QPM result is too low compared to the data. Taking only F γ2 as calculated from
the GRS parametrisation of the parton distribution functions of the photon,
labelled as GRS F2, gets closer to the data, and the best description is found
if the contribution of F γL , based on the prediction from the QPM, is added to
this, denoted with GRS. The data show a faster rise with x than any of the
predictions, however with large errors for increasing x, which are mainly due
to the low statistics available.
The P 2 evolution of the L3 result of F γeff is shown in Figure 65(a). The QPM
prediction is consistent in shape with the data, but the predicted F γeff is too
low. However, the main difference comes from F γ2 for P
2 = 0, which is not
described by the quark parton model for x < 0.4. This is expected, because in
this region the hadron-like part is predicted to be largest, as can be seen from
Figure 64(a). But in this region the data are even higher than the predictions
of all parametrisations of F γ2 which do contain a hadron-like contribution. The
measurement for P 2 > 0 cannot rule out the quark parton model prediction,
although it is consistently higher and does not favour the QPM prediction.
The ratio of 〈Q2〉/〈P 2〉 is similar for the PLUTO and the L3 measurements,
leading to values for ln(〈Q2〉/〈P 2〉) of 2.6 and 3.5 respectively. This enables to
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Fig. 64. The effective photon structure function F γeff from L3. In (a) the preliminary
measurement of the structure function F γ2 for quasi-real photons is compared to
the quark parton model prediction (QPM), to F γ2 as predicted by the GRV and
AFG parametrisation of the parton distribution functions of real photons, and to a
higher order calculation based on Ref. [52], denoted with LRSN. In (b) the effective
structure function F γeff is compared to the QPM prediction, to F
γ
2 predicted from
the GRS parametrisation of the parton distribution functions of virtual photons
(GRS F2), and to the full GRS prediction obtained from the GRS F γ2 together with
the contribution of F γL as given by the quark parton model.
compare the Q2 evolution of the two measurements, as shown in Figure 65(b),
for 0.05 < x < 0.75. The evolution is consistent with the expectation of the
quark parton model for ln(Q2/P 2) = 3, and using the range 0.05 < x < 0.98.
In summary a consistent picture is found for the effective structure function
F γeff of the virtual photon between the PLUTO and preliminary L3 data and
the general features of both measurements are described by the next-to-leading
order predictions. However, the data do not constrain the predictions strongly
and for detailed comparisons to be made the full statistics of the LEP2 pro-
gramme has to be explored.
If both photons have similar virtualities the photon structure function picture
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Fig. 65. The virtuality dependence of F γeff . In (a) the P
2 dependence of the L3
result of F γeff is compared to the quark parton model result (QPM), and in (b) the
Q2 dependence of the results from PLUTO and L3 are shown in comparison to the
QPM prediction, for the average value of ln(〈Q2〉/〈P 2〉), which is around three.
can no longer be applied and the data are interpreted in terms of the dif-
ferential cross-section. Due to the large virtualities the cross-section is small
and large integrated luminosities are needed to precisely measure it. The main
interest is the investigation of the hadronic structure of the interaction of two
virtual photons. However, the interest in performing these measurements in-
creased considerably in the last years, because calculations in the framework of
the leading order BFKL evolution equation, which sums ln(1/x) contributions,
predicted a large cross-section for this kinematical range, see Refs. [168–171].
The predicted cross-section is so large that already measurements with low
statistics are able to decide whether the BFKL picture is in agreement with
the experimental observations. Recently theoretical progress has been made in
Refs. [172,173] to also include next-to-leading order pieces in the calculations
in the BFKL picture, as explained in Ref. [174]. Large negative corrections to
the leading order results were found, for example, shown in Refs. [175]. Con-
sequently, there is some doubt about the perturbative stability of the BFKL
calculation. The theoretical development is underway and this should be kept
in mind in all comparisons to the BFKL predictions. The most suitable region
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for the comparison is W 2 ≫ Q2 ≈ P 2 ≫ Λ2, which ensures similar photon
virtualities and large values of 1/x. This is needed to ensure only little evo-
lution in Q2 and large contributions from ln(1/x) terms. These requirements
strongly reduce the available statistics, therefore compromises have been made
in these comparisons. The variable of interest is
Y = ln
2p · q√
Q2P 2
= ln
W 2 + P 2 +Q2√
Q2P 2
≈ ln W
2
√
Q2P 2
(55)
where the approximation is only valid for W 2 ≫ Q2, P 2. However, experimen-
tally this inequality is not very strong.
The first measurement in this kinematical region has been performed by the L3
experiment in Ref. [176] using data at LEP1 energies,
√
see = 91 GeV, and at√
see = 183 GeV, and in addition preliminary results were reported recently
in Ref. [177] for data taken at
√
see = 189 GeV. Electrons are selected for
energies above 30 GeV at
√
see = 91 GeV and for energies above 40 GeV at
higher centre-of-mass energies. The average photon virtualities 〈Q2〉,〈P 2〉 are
3.5, 14 and 14.5 GeV2 respectively. The W ranges used are 2− 30/5− 70/5−
75 GeV for the three centre-of-mass energies, which means the lowest values
of x probed are about 2 − 3 · 10−3, and the inequality W 2 ≫ Q2, P 2 reads
4 ≫ 3.5 at LEP1 and 25 ≫ 14 at LEP2 energies, when using the minimum
value of W and the average virtualities. The differential cross-section as a
function of Y = ln(W 2/
√
Q2P 2) is shown in Figure 66, taken from Ref. [177].
The data are described by the TWOGAM Monte Carlo for
√
see = 91 GeV
and
√
see = 183 GeV. The PHOJET model gives an adequate description at√
see = 183 GeV and
√
see = 189 GeV, whereas it fails to describe the data√
see = 91 GeV, probably due to the low cut in W applied for this data. For
low values of W the PHOJET Monte Carlo is known to be not very reliable,
as explained in Section 5.1. A prediction in the framework of the quark parton
model obtained from the Vermaseren Monte Carlo is found to be too low at
all energies. The presently predicted cross-sections by the BFKL calculation
(not shown) are much higher than the measurements and are ruled out by the
data.
A similar analysis has been performed by the OPAL experiment. Preliminary
results were presented in Ref. [178] based on data at
√
see = 189 GeV, for an
integrated luminosity of about 170 pb−1, with average photon virtualities of
about 10 GeV2, and forW > 5 GeV. The differential cross-section as functions
of W , x and Q2, corrected to the phase space defined by E ′1, E
′
2 > 65 GeV,
34 < θ′1, θ
′
2 < 55 mrad, and W > 5 GeV, are shown in Figure 67, taken
from Ref. [178]. Due to the larger electron energies required in the OPAL
analysis compared to the L3 result, the reach in W for OPAL is only about
W = 35 GeV. This means the smallest value of x reached is only about
8 · 10−3. The measured cross-section in the selected phase space is 0.32 ±
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Fig. 66. The hadronic cross-section for the exchange of two virtual photons from
L3. The data of the L3 experiment are compared to the predictions of the PHOJET
and TWOGAM Monte Carlo models and to an estimation in the framework of the
quark parton model obtained from the Vermaseren Monte Carlo (JAMVG).
0.05(stat) +0.04−0.05(sys) pb, compared to the predicted cross-sections of 0.17 pb for
PHOJET and 2.2/0.26 pb based on the BFKL calculation in leading/higher
order. Also for the OPAL analysis, the data at
√
see = 189 GeV are perfectly
described by the PHOJET model and there is no room for large additional
contributions. The precision of the results on the differential cross-sections are
limited by the low statistics and they can considerably be improved by using
the full statistics of the LEP2 programme.
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Fig. 67. The hadronic cross-section for the exchange of two virtual photons from
OPAL. The data of the OPAL experiment are compared to the prediction of the
PHOJET Monte Carlo model for data taken at
√
see = 189 GeV. In (a)−(c) the
corrected cross-sections are shown as functions of W , x and Q2.
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8 Future of structure function measurements
As discussed in the previous sections, the QED and the hadronic structure of
the photon have been measured up to average photon virtualities of 〈Q2〉 = 130
and 〈Q2〉 = 400 GeV2 respectively. In the future, the analysis of the photon
structure can be extended to higher photon virtualities firstly, by exploring the
high luminosity of the complete LEP2 programme and secondly, by using the
full potential of the planned linear collider project. The prospects of these two
parts of the future of structure function measurements are discussed briefly in
this section.
8.1 LEP2 programme
So far the measurements of the QED structure of the photon are based on
data taken at LEP1 energies for integrated luminosities of about 100 pb−1
per experiment and the results are mainly limited by statistics. Therefore,
exploring the full integrated luminosity of 500 pb−1 expected at LEP2 energies,
a reduction of the error by about a factor of two can be expected.
For the case of the hadronic structure of the photon the situation is more
difficult. Certainly the measurement can be extended to higher values of Q2.
The preliminary data from DELPHI already reach 〈Q2〉 = 400 GeV2 and,
using the full data sample at LEP2 energies, decent statistics up to 〈Q2〉 =
1000 GeV2 can be reached. For the measurement of the hadronic structure at
low values of Q2 the situation is different. Also in future this measurement
suffers from theoretical uncertainties and considerable improvement in the
description of the hadronic final state by the Monte Carlo models is needed
first, before the experimental measurements can get more precise.
The measurement of the hadronic structure for the exchange of two virtual
photons suffers from low statistics, therefore using the expected 500 pb−1 at
LEP2 energies will help to bring down the statistical errors, but it should be
kept in mind that the results for the region Q2 ≈ P 2 ≫ Λ2 are already based
on about 200 pb−1 of data.
8.2 A future linear collider
At a future linear collider the measurements of the photon structure can be
extended to larger photon virtualities and larger photon-photon centre-of-mass
energies. A recent discussion of the prospects of these measurements can be
found in Ref. [179]. In particular the measurements of the photon structure
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Table 8
Parameters for a future linear collider of the TESLA design. Some approximate
values of parameters of the present LEP and SLC colliders are shown together with
goals for a future linear collider of the TESLA design.
LEP SLC TESLA
total length [km] 26.7 4 33
gradient [MV/m] 6 10 25
beam size σx/σy [µm/µm] 110 / 5 1.4 / 0.5 0.845/0.019
electron energy [GeV] 100 50 250
luminosity [1031/cm2s] 7.4 0.1 5000-10000
Lint [1/pb y] 200 15 20000
functions can be performed at much higher values of Q2. This is the subject
of this section.
The linear collider is an extension of the existing e+ e− colliders LEP and SLC.
Table 8 shows the improvements on several machine parameters which have to
be achieved to arrive at a luminosity of the order of 1034/cm2s, which would
lead to an integrated luminosity of about 100 fb−1 per year of operation.
The linear collider, even when running under optimal conditions will produce
a huge amount of background where many particles are produced especially in
the forward regions of the detector. Detailed background studies for the linear
collider were performed. The background sources will lead mainly to e+ e−
pair creation and to hadronic background. For the e+ e− collision mode the
background simulation of Ref. [180] showed that the amount of background
expected per bunch crossing for the TESLA design is about 105 e+ e− pairs
with a total energy of 1.5 · 105 GeV and about 0.13 events of the type γγ →
hadrons for hadronic masses W > 5 GeV with an average visible energy
of 10 GeV. To accommodate this background the main detector has to be
shielded with a massive mask as shown, for example for the TESLA design, in
Figure 68, taken from Ref. [180]. In addition, the photon radiation from the
beam electrons will also lead to a significant energy smearing for the electrons
of the beams. The prospects of structure function measurements have to be
discussed in the context of this expected machine parameter dependent ’soft’
underlying background, and the energy spread of the beam electrons.
There is also a strong interest in the construction of a photon linear collider
which would in several aspects be complementary to an electron linear collider.
For several reactions the cross sections for incoming photons are larger than
for incoming electrons of the same energy. In addition, some reactions, for
example, the very important process γγ → H only have sufficiently large
event rates, when using the large flux of high energetic incoming photons from
a photon linear collider. The linear collider, when operated in the electron-
photon mode, would also be an ideal source of high energetic photons for
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Fig. 68. The forward region of a future linear collider detector. A sketch of the
proposed mask to protect the detector from the background for the TESLA design.
structure function measurements, because the energy of the incoming real
photons would be known rather precisely.
The construction of a photon linear collider is very demanding and only gen-
eral concepts are available so far. The method to produce a beam of high
energetic photons from an electron beam by means of the Compton backscat-
tering process is shown in Figure 69, taken from Ref. [181]. The photons are
produced by a high intensity laser and brought into collision with the elec-
tron beams at distances of about 0.1 − 1 cm from the interaction point. The
photons are scattered into a small cone around the initial electron direction
and receive a large fraction of the electron energy. By properly adjusting the
machine parameters, like the distance along the beam line between of the pro-
duction of the backscattered photons and the interaction region, by selecting
the polarisations of the laser and the electron beams, and by magnetic reflec-
tion of the spent beam, the energy spectrum of the photons can be selected.
As a result of this a typical distribution of eγ luminosity as a function of the
invariant mass of the electron photon system,
√
seγ , is expected to peak at the
maximum reachable invariant mass of around 0.8
√
see with a width of 5%, as
described in Ref. [182].
The two main questions concerning the photon structure function F γ2 ad-
dressed at LEP, namely the low-x behaviour of F γ2 and the Q
2 evolution of F γ2
can be studied at a future linear collider but stringent requirements have to
be imposed on the detector design. The region of high values of Q2 and x can
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Fig. 69. The production mechanism for high energetic photons. A sketch of the
creation of the photon beam by Compton backscattering of laser photons off the
beam electrons.
already be studied with an electromagnetic calorimeter, located outside the
shielding mask, and covering polar angles of the observed electrons of θ′1 > 175
mrad, which is able to detect electrons with energies above 50% of the energy
of the beam electrons, as shown in Figure 70(a,b). The errors assumed in
Figure 70, taken from Ref. [183], are the quadratic sum of the statistical and
the systematic components. The statistical error is calculated based on the
leading order GRV structure function F γ2 for an integrated luminosity of 10
fb−1. The systematic error is assumed to be equal to the statistical error but
amounts to at least 5%. Therefore, the precision indicated in Figure 70 has to
be taken with care, as the systematic errors shown do not reflect the present
level of precision of the LEP data, as detailed in Section 7. To achieve overlap
in Q2 with the LEP data the electron detection has to be possible down to
θ′1 > 40 mrad, shown in Figure 70(c,d), which means the mask has to be in-
strumented, and the calorimeter has to be able to detect electrons which carry
50% of the energy of the beam electrons in the huge but flat background of
electron pairs discussed above, certainly a non-trivial task.
The measurement of the Q2 evolution of the structure function F γ2 constitutes
a fundamental test of QCD. In Figure 71 the prospects of the extension of this
measurement at a future linear collider with
√
see = 500 GeV are shown for two
scenarios. This figure has been taken from Ref. [179] and the measurements
from PLUTO and TASSO have been added. As above, the scenarios assume
that electrons can be observed for energies above 50% of the energy of the beam
electrons, and for angles of θ′1 > 40 mrad (LC1) and θ
′
1 > 175 mrad (LC2). It is
further assumed that the measured structure function is equal to the prediction
of the leading order GRV photon structure function F γ2 in the respective range
in x. The statistical errors of the hypothetical measurements are calculated
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Fig. 70. Prospects for structure function measurements at a future linear col-
lider. Shown are hypothetical LEP data and linear collider data for different min-
imal detection angles of the deeply inelastically scattered electrons, θ′1. In (a,b)
θ′1 > 175 mrad is assumed and (c,d) are based on θ
′
1 > 40 mrad.
from the number of events, for an integrated luminosity of 10 fb−1, predicted
by the HERWIG Monte Carlo for the leading order GRV photon structure
function F γ2 in bins of Q
2 using the ranges in x as indicated in Figure 71.
The systematic error is taken to be 6.7% and to be independent of Q2. This
assumption is based on the systematic error of the published OPAL [90] result
at Q2 = 135 GeV2. The symmetrised value of the published systematic error
is 13.4%. It is assumed that this error can be improved by a factor of two.
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Fig. 71. Prospects for the measurement of the Q2 evolution of F γ2 at a future lin-
ear collider. The measured Q2 evolution of F γ2 is shown, together with the possible
extensions at a future linear collider, denoted with LC1 and LC2. For the hypothet-
ical data, the inner error bars indicate the statistical and the outer error bars the
quadratic sum of the assumed statistical and systematic errors.
With these assumptions the error on the measurement is dominated by the
systematic error up to the highest values of Q2. It is clear from Figure 71 that
overlap in Q2 with the existing data can only be achieved if electron detection
with θ′1 > 40 mrad is possible. For θ
′
1 > 175 mrad sufficient statistics is only
available for Q2 above around 1000 GeV2.
In summary with the data from the linear collider the measurement of the
Q2 evolution of the structure function F γ2 , can be extended to about Q
2 =
10000 GeV2, and the low-x behaviour can be investigated down to x ≈ 5 ·10−2
(x ≈ 5 · 10−4) for an electron acceptance of θ′1 > 175 mrad (θ′1 > 40 mrad).
At the largest values in Q2 also the contributions from Z0 exchange in deep in-
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elastic electron-photon scattering could be measured and the charged-current
process eγ → νX could be used to study the weak structure of the photon.
Together these measurements would allow for a separate measurement of the
parton distribution functions for up and down-type quark species, as has been
discussed in Ref. [184].
For a photon linear collider operating in the electron-photon mode a com-
pletely new scenario for photon structure function measurements would be
opened. For the first time measurements could be performed with beams of
high energetic photons of known energy with a rather small energy spread, in-
stead of measurements using the broad bremsstrahlungs spectrum of photons
radiated by electrons. With this the measurements of the photon structure
function would be on a similar ground than the measurement of the proton
structure function at HERA, which would probably also result in a strong
reduction of the systematic error.
Another very important improvement for structure function measurements
would be the detection of the electron that radiates the quasi-real photon and
is scattered under almost zero angle. The possibility of such very low angle
tagging is presently under study, but it is not yet clear whether it can be
realised. If this could be achieved the precision of structure function measure-
ments may significantly be improved, because x could be calculated from the
two detected electrons. However, it should be kept in mind that this requires
a very good resolution on the measured electron energy, despite the large
background discussed above, a very demanding requirement. If this could be
reached the measured electron energy would be used to determine the much
smaller photon energy, which would allow for a measurement of W indepen-
dently of the hadronic final state. Given that the dominant systematic error of
the structure function measurement comes from the imperfect description of
the hadronic final state by the Monte Carlo models, this would be a important
step to reduce the systematic error of structure function measurements.
From the above it is clear that the investigation of the structure of the pho-
ton would greatly profit from the measurements performed at a future linear
collider. However, it has to be kept in mind that at the moment it is not clear
whether several of the desired features of the detector, like zero-angle tagging
and excellent calorimetry inside the shielding mask, can be achieved.
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9 Probing the structure of the photon apart from DIS
In addition to the results on the structure of the photon from deep inelastic
electron-photon scattering the photon structure has been studied in the scat-
tering of two quasi-real photons at e+ e− colliders, and in photoproduction
and deep inelastic electron-proton scattering at HERA. These two rich fields
of investigations of the photon structure cannot be covered in all details here.
Only the most important topics in the context of this review will be discussed
below, focusing on the general ideas and the main results. For the important
details, which are not given here the reader is referred to the most recent
publications and to summaries of the LEP and HERA results, which can be
found in Refs. [185–188].
9.1 Photon-photon scattering at e+ e− colliders
The scattering of two quasi-real photons has been studied in detail at LEP.
The photon-photon scattering reaction has the largest hadronic cross-section
at LEP2 energies and therefore, in most cases, the results are mainly lim-
ited by systematic uncertainties. Results have been derived on general prop-
erties of the hadronic final states in Refs. [189–191], on the total hadronic
photon-photon cross-section in Refs. [176,192,193], on hadron production in
Ref. [194], on jet cross-sections in Refs. [195,196], on heavy quark production
in Refs. [197,198,176,199,200,122], on lepton pair production in Ref. [201] and
on resonances in Refs. [202–208]. The selected topics discussed below are the
total hadronic cross-section for photon-photon scattering, σγγ , and more ex-
clusively, hadron production, jet cross-sections and the production of heavy
quarks.
9.1.1 Total hadronic cross-section for photon-photon scattering
The measurement of σγγ is both, interesting and challenging. It is interest-
ing, because in the framework of Regge theory σγγ can be related to the to-
tal hadronic cross-sections for photon-proton and hadron-hadron scattering,
σγp and σhh, and a slow rise with the photon-photon centre-of-mass energy
squared, W 2, is predicted. It is challenging, firstly because experimentally the
determination of W is very difficult due to limited acceptance and resolution
for the hadrons created in the reaction and secondly, because the composition
of different event classes, for example, diffractive and quasi-elastic processes,
is rather uncertain, which affects the overall acceptance of the events. The
first problem is dealt with by determining W from the visible hadronic in-
variant mass using unfolding programs, similarly to the measurements of the
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Fig. 72. Published results on σγγ as a function of W .
hadronic structure function. The second uncertainty is taken into account by
using two models, namely PHOJET and PYTHIA, for the description of the
hadronic final state and for the correction from the accepted cross-section to
σγγ , leading to the largest uncertainty of the result.
The published measurements of σγγ by L3 in Ref. [191] and by OPAL in
Ref. [192] are shown in Figure 72, and preliminary measurements by L3 pre-
sented in Ref. [193] are shown in Figure 73. All results show a clear rise as a
function of W .
The cross-section σγγ is interpreted within the framework of Regge theory,
motivated by the fact that σγp and σhh are well described by Regge parametri-
sations using terms to account for pomeron and reggeon exchanges. The orig-
inally proposed form of the Regge parametrisations for σγγ is
σγγ(W
2) = X1γγ(W
2)ǫ1 + Y1γγ(W
2)−η1 , (56)
where W 2 is taken in units of GeV2. The first term in the equation is due to
soft pomeron exchange and the second term is due to reggeon exchange. The
exponents ǫ1 and η1 are assumed to be universal. The presently used values of
ǫ1 = 0.095±0.002 and η1 = 0.034±0.02 are taken from Ref. [3]. The parameters
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√
see = 189 GeV and using two different Monte Carlo models for correcting the
data.
were obtained by a fit to the total hadronic cross-sections of pp, pp¯, π±p,
K±p, γp and γγ scattering reactions. The coefficients X1γγ and Y1γγ have to be
extracted from the γγ data. The values obtained in Ref. [3] by a fit to previous
γγ data, including those of L3 from Ref. [191], are X1γγ = (156± 18) nb and
Y1γγ = (320± 130) nb. Recently an additional hard pomeron component has
been suggested in Ref. [209] leading to
σγγ(W
2) = X1γγ(W
2)ǫ1 +X2γγ(W
2)ǫ2 + Y1γγ(W
2)−η1 , (57)
with a proposed value of ǫ2 = 0.418 and an expected uncertainty of ǫ2 of about
±0.05.
Different fits to the data have been performed by the experiments. The inter-
pretation of the results is very difficult, because, firstly, the parameters are
highly correlated, secondly, the main region of sensitivity to the reggeon term
is not covered by the OPAL measurement and thirdly, different assumptions
have been made when performing the fits. The correlation of the parameters
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in Ref. [3]. In (c) results for fits to various data as explained in the text are shown.
In addition, the measurement from Ref. [192] is shown to illustrate the size of the
experimental uncertainties.
of Eq. (57) can be clearly seen in Figure 74(a,b), where the theoretical pre-
dictions are shown, exploring the uncertainties for the soft pomeron term in
(a) and for the reggeon as well as for the hard pomeron term in (b), using the
central values and errors quoted in Ref. [3]. It is clear from Figure 74(a,b) that
by changing different parameters in (a) and (b) a very similar effect on the
rise of the total cross-section can be achieved. Figure 74(c) shows the spread
of the best fit curves for various data and various fit assumptions, explained
below. In Figure 74(a-c) in addition the results from Ref. [192] are shown to
illustrate the size of the experimental uncertainties.
The different fits performed by the experiments yield the following results:
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1. OPAL: The OPAL data taken at
√
see = 161 − 183 GeV, within the
present range ofW , can be accounted for without the presence of the hard
pomeron term. When fixing all exponents and Y1γγ to the values listed
above the fit yields X2γγ = (0.5 ± 0.2+1.5−1.0) nb, which is not significantly
different from zero, and X1γγ = (182 ± 3 ± 22) nb, which is consistent
with the values from Ref. [3]. Using X2γγ = 0 and leaving only ǫ1 and
X1γγ as free parameters results in ǫ1 = 0.101 ± 0.004+0.025−0.019 and X1γγ =
(180± 5+30−32) nb, Figure 74(c, full), again consistent with Ref. [3].
2. L3: In all fits performed by L3 the hard pomeron term is set to zero. The
L3 data from Ref. [191] can be fitted using the old values for the exponents
of ǫ1 = 0.0790± 0.0011 and η1 = 0.4678± 0.0059 from Ref. [210] leading
to X1γγ = (173 ± 7) nb and Y1γγ = (519 ± 125) nb, Figure 74(c, dash).
The L3 data at
√
see = 189 GeV indicate a faster rise with energy. Using
ǫ1 = 0.95 and η1 = 0.34, and the PHOJET Monte Carlo for correcting
the data, leads to X1γγ = (172 ± 3) nb and Y1γγ = (325 ± 65) nb, but
the confidence level of the fit is only 0.000034. Fixing only the reggeon
exponent to η1 = 0.34 leads to ǫ1 = 0.222± 0.019/0.206± 0.013, X1γγ =
(50 ± 9) / (78 ± 10) nb and Y1γγ = (1153 ± 114) / (753 ± 116) nb, when
using PHOJET/PYTHIA, Figure 74(c, dot/dot-dash).
In summary, the situation is unclear at the moment with OPAL being consis-
tent with the universal Regge prediction, whereas L3 indicating a faster rise
with W in connection with a very large reggeon component for the data at√
see = 189 GeV. In addition, the L3 data taken at different centre-of-mass
energies show a different behaviour of the measured cross-section, with the
data taken at
√
see = 133− 161 GeV being lower, especially for W < 30 GeV.
9.1.2 Production of charged hadrons
The production of charged hadrons is sensitive to the structure of the photon-
photon interactions without theoretical and experimental problems related to
the definition and reconstruction of jets. The two main results from the study
of hadron production at LEP are shown in Figures 75 and 76.
In Figure 75 the differential single particle inclusive cross-section dσ/dpT for
charged hadrons for γγ scattering from Ref. [194], with 10 < W < 30 GeV,
is shown, together with results from γp, πp and Kp scattering from WA69
with a hadronic invariant mass of 16 GeV from Ref. [211]. The WA69 data
are normalised to the γγ data at pT ≈ 0.2 GeV. In addition, ZEUS data on
charged particle production in γp scattering with a diffractively dissociated
photon from Ref. [212] are shown. These data have an average invariant mass
of the diffractive system of 10 GeV, and again they are normalised to the
OPAL data. In Figure 76 the differential single particle inclusive cross-section
for 10 < W < 125 GeV is compared to next-to-leading order QCD predictions.
136
10
-2
10
-1
1
10
10 2
10 3
10 4
1 2 3 4 5 6 7 8
pT [GeV/c]
dσ
/d
p T
 
[p
b/
G
eV
/c
]
OPAL
WA69 γp (110<Eγ<170 GeV)
WA69 (pi,K)p (Ehad=140 GeV)
OPAL γγ (10<W<30 GeV)
ZEUS diff. (<MX>=10 GeV)
Fig. 75. Transverse momentum distribution dσ/dpT for hadron production in pho-
ton-photon scattering compared to other experiments. The photon-photon scatter-
ing data taken at
√
see = 161 − 172 GeV are compared to other experiments for
10 < W < 30 GeV.
The main findings are:
1. The spectrum of transverse momentum of charged hadrons in photon-
photon scattering is much harder than in the case of photon-proton,
hadron-proton and ‘photon-Pomeron’ interactions. This can be attributed
to the direct component of the photon-photon interactions.
2. The production of charged hadrons is found to be described by the next-
to-leading order QCD predictions from Ref. [213] over a wide range ofW .
These next-to-leading order calculations are based on the QCD partonic
cross-sections, the next-to-leading order GRV parametrisation of the par-
ton distribution functions for the photon and on fragmentation functions
fitted to e+e− data. The renormalisation and factorisation scales are set
equal to pT.
9.1.3 Jet production
Jet production is the classical way to study the partonic structure of particle
interactions. At LEP the di-jet cross-section in γγ scattering was studied in
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Fig. 76. Transverse momentum distribution dσ/dpT for hadron production in pho-
ton-photon scattering compared to next-to-leading order calculations. The pho-
ton-photon scattering data taken at
√
see = 161 − 172 GeV are compared to
next-to-leading order calculations for 10 < W < 125 GeV.
Ref. [196] at
√
see = 161− 172 GeV using the cone jet finding algorithm with
R = 1. Three event classes are defined, direct, single-resolved and double-
resolved interactions. As explained in Section 1.1, direct means that the pho-
ton as a whole takes part in the hard interaction, as shown in Figure 2(a),
whereas resolved means that a parton of a hadronic fluctuation of the photon
participates in the hard scattering reaction, as shown in Figure 2(b,c). Ex-
perimentally, direct and double-resolved interactions can be clearly separated
using the quantity
x±γ =
∑
jets=1,2(E ± pz)∑
hadrons(E ± pz)
, (58)
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Fig. 77. Angular dependence of di-jet production in photon-photon scattering. The
data at
√
see = 161 − 172 GeV are compared to leading order matrix elements in
(a) and to next-to-leading order (NLO) predictions in (b).
whereas a selection of single-resolved events cannot be achieved with high
purity. Here E and pz are the energy and longitudinal momentum of a hadron,
and the sum either runs over all hadrons in the two hard jets or over all
observed hadrons. Ideally, in leading order, direct interactions have x±γ = 1.
However, due to resolution and higher order corrections the measured values
of x±γ are smaller. Experimentally, samples containing large fractions of direct
events can be selected by requiring x±γ > 0.8, and samples containing large
fractions of double-resolved events by using x±γ < 0.8.
The measurement of the distribution of cos θ⋆ the cosine of the scattering
angle in the photon-photon centre-of-mass system, allows for a test of the
different matrix elements contributing to the reaction. The scattering angle is
calculated from the jet rapidities in the laboratory frame using
cos θ⋆ = tanh
ηjet1 − ηjet1
2
. (59)
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Fig. 78. Transverse energy distribution dσ/dEjetT for jet production in pho-
ton-photon scattering compared to next-to-leading order calculations. The mea-
sured di-jet production at
√
see = 161 − 172 GeV is compared to next-to-leading
order (NLO) predictions for different event classes.
In leading order the direct contribution γγ → qq¯ leads to an angular depen-
dence of the form (1 − cos2 θ⋆)−1, whereas double-resolved events, which are
dominated by gluon induced reactions, are expected to behave approximately
as (1− cos2 θ⋆)−2. The steeper angular dependence of the double-resolved in-
teractions can be clearly seen in Figure 77(a), where the shape of the di-jet
cross-section, for events with di-jet masses above 12 GeV and average ra-
pidities of |(ηjet1 + ηjet2)/2| < 1, is compared to leading order predictions. In
addition, the shape of the angular distribution observed in the data is roughly
described by the next-to-leading order prediction from Refs. [214], as shown
in Figure 77(b). In both cases the theoretical predictions are normalised to
the data in the first three bins.
These next-to-leading order calculations well account for the observed inclu-
sive differential di-jet cross-section, dσ/dEjetT , as a function of jet transverse
energy, EjetT , for di-jet events with pseudorapidities |ηjet| < 2. As expected,
the direct component can account for most of the cross-section at large EjetT ,
whereas the region of low EjetT is dominated by the double-resolved contribu-
tion, shown in Figure 78. The calculation for three different next-to-leading
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Fig. 79. Transverse energy distribution dσ/dEjetT for jet production in pho-
ton-photon scattering compared to predictions for different parton distribution func-
tions. The measured di-jet production at
√
see = 161 − 172 GeV is compared to
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bution functions of the photon.
order parametrisations of the parton distribution functions of the photon are
in good agreement with the data shown in Figure 79, except in the first bin,
where theoretical as well as experimental uncertainties are large. Unfortu-
nately, this is the region which shows the largest sensitivity to the differences
of the parton distribution functions of the photon.
9.1.4 Heavy quark production
Similarly to the case of deep inelastic electron photon scattering discussed
in Section 3.4, in photon-photon scattering the production of heavy quarks
is dominated by charm quark production, because the bottom quarks are
much heavier and have a smaller electric charge. Due to the large scale of the
process provided by the charm quark mass, the production of charm quarks
can be predicted in next-to-leading order perturbative QCD. In QCD the
production of charm quarks at LEP2 energies receives sizeable contributions
from the direct and the single-resolved process. In contrast, the double-resolved
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Ee > 0.6 GeV and for invariant masses W > 3 GeV are compared to the predic-
tion of the PYTHIA Monte Carlo model, normalised to the number of data events
observed.
contribution is expected to be very small, as discussed in Ref. [215]. The direct
contribution allows to test a pure QCD prediction and the single-resolved
contribution is sensitive to the gluon distribution function of the photon.
In photon-photon collisions the charm quarks have been tagged using standard
techniques, either based on the observation of semileptonic decays of charm
quarks using identified electrons and muons in Ref. [198], or by the measure-
ment of D⋆ production in Refs. [197,122,199], using the decay D⋆ → D0π,
where the pion has very low energy, followed by the D0 decay observed in one
of the decay channels, D0 → Kπ,Kππ0, Kπππ. The leptons as well as the
D⋆ can be clearly separated from background processes. However, due to the
small branching ratios and selection inefficiencies the selected event samples
are small and the measurements are limited mainly by the statistical error.
Based on these tagging methods differential cross-sections for charm quark
production and D⋆ production in restricted kinematical regions have been ob-
tained, examples of which are shown in Figure 80 and 81. Figure 80, taken
from Ref. [199], shows the differential cross-section for charm quark pro-
duction, with semileptonic decays into electrons fulfilling | cos θe| < 0.9 and
Ee > 0.6 GeV and forW > 3 GeV. The data are compared to the leading order
prediction from PYTHIA, normalised to the number of data events observed.
The shape of the distribution is well reproduced by the leading order pre-
diction. Figure 81, taken from Ref. [122], shows the differential cross-sections
for D⋆ production as a function of the transverse momentum of the D⋆, for
|ηD⋆| < 1.5 compared to the next-to-leading order predictions from Ref. [216]
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Fig. 81. Differential cross-sections for charm quark production with tagged D⋆
mesons. The measured differential cross-sections for D⋆ mesons with |ηD⋆ | < 1.5
is compared to a next-to-leading order perturbative QCD predictions using the
massless scheme.
calculated in the massless approach. The differential cross-sections as functions
of the transverse momentum and rapidity of the D⋆ are well reproduced by
the next-to-leading order perturbative QCD predictions, both for the OPAL
results presented in Ref. [122] and for the L3 results from Ref. [199]. The
shape of the OPAL data can be reproduced by the NLO calculations from
Ref. [215], however, the theoretical predictions are somewhat lower than the
data, especially at low values of transverse momentum of the D⋆.
Based on the observed cross-sections in the restricted ranges in phase space the
total charm quark production cross-section is derived, very much relying on the
Monte Carlo predictions for the unseen part of the cross-section. Two issues
are addressed, firstly the relative contribution of the direct and single-resolved
processes, and secondly the total charm quark production cross-section. The
direct and single-resolved events, for example, as predicted by the PYTHIA
Monte Carlo, show a different distribution as a function of the transverse
momentum of the D⋆ meson, pD
⋆
T , normalised to the visible hadronic invariant
mass, Wvis, as can be seen in Figure 82 from Ref. [122]. This feature has
been used to experimentally determine the relative contribution of direct and
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single-resolved events, which are found to contribute about equally to the
cross-section.
The total cross-section for the production of charm quarks is shown in Fig-
ure 83 together with previous results summarised in Ref. [16]. The figure, taken
from Ref. [122], has been extended by additional L3 measurements presented
in Refs. [200], by the author of Ref. [122]. The LEP results are consistent with
each other and the theoretical predictions are in agreement with the data,
both for the NLO prediction of the full cross-section based on the GRV para-
metrisation and for the leading order prediction of the direct component. The
results suffer from additional errors due to the assumptions made in the ex-
trapolation from the accepted to the total cross-section, which are avoided by
measuring only cross-sections in restricted ranges in phase space. It has been
shown in Ref. [215] that the NLO calculations are flexible enough to account
for the phase space restrictions of the experimental analyses and that the
predicted cross-sections in restricted ranges in phase space are less sensitive
to variations of the charm quark mass and to alterations of the renormalisa-
tion as well as the factorisation scale. Given this, more insight into several
aspects of charm quark production may be gained by comparing experimen-
tal results and theoretical predictions for cross-sections in restricted ranges in
phase space.
In addition to the measurements of the charm quark production cross-sections,
a preliminary measurement of the cross-section for bottom quark production
has been reported in Ref. [200].
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9.2 Photon structure from HERA
At HERA the photon structure is investigated mainly by measurements of
the total photon-proton cross-section in Refs. [217–219] and by measurements
of the production of charged particles and jets in Refs. [220–228]. The most
important results in the context of this review are the ones which try to
extract information on the partonic content of quasi-real and also of virtual
photons from photon-proton scattering and from deep inelastic electron-proton
scattering.
At e+ e− colliders the partonic structure of the quasi-real or virtual target
photon, γ(P 2, z), is probed by the highly virtual photon γ⋆(Q2), in the region
Q2 ≫ P 2, as shown in Figure 3. This leads to a measurement of F γ2 (x,Q2)
and, by using Eq. (38), also to a measurement of the parton distribution
functions of the target photon probed at the factorisation scale Q2. At HERA
the partonic structure of the quasi-real or virtual target photon, γ(P 2, z), is
probed by a parton from the proton, producing a pair of partons of large
transverse momentum squared p2t , with p
2
t ≫ P 2, leading, for example, to a
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measurement of the effective parton distribution function of the target photon,
introduced in Eq. (62), probed at the factorisation scale p2t . Due to the large
cross-section at HERA the structure of the photon can be probed at even
larger factorisation scales than at LEP. However, this is only possible if the
factorisation scale is identified with the transverse momentum of the partons
with respect to the photon-proton axis in the photon-proton centre-of-mass
system, Q2 ≡ p2t , which experimentally is approximated, for example, by the
transverse energy squared of observed jets.
Unfortunately the variables used at HERA and LEP are denoted differently,
for example at HERA the virtuality of the target photon is called Q2 instead
of P 2 and this should not be confused with the factorisation scale Q2, which at
HERA is usually taken as p2t . For consistency, and to avoid confusion, in this
review the factorisation scale will be denoted with Q2, the photon virtuality
with P 2, and the fractional energy of the photon from the electron, Eγ/E,
with z, and the identifications will be made explicit in the figure captions.
The photon-proton scattering reaction as well as deep inelastic electron-proton
scattering also depends on the structure of the proton. Therefore, the inves-
tigations of the photon structure are restricted to phase space regions where
the parton distribution functions of the proton are well constrained such that
the dependence on the proton structure is removed as much as possible.
There is one conceptual difference between the results obtained by ZEUS and
those derived by H1. In the case of ZEUS all results are given at the hadron
level, which means, the data are corrected for detector effects only. The phase
space regions are selected such that hadronisation corrections, as predicted
by Monte Carlo models, are expected to be small. However, the data are not
corrected for these effects. The results at the hadron level are then compared
to NLO calculations which are valid at the partonic level and do not contain
hadronisation corrections. H1 also measures cross-sections corrected for de-
tector effects. However, based on these cross-sections leading order partonic
quantities are reconstructed, which can directly be compared to perturbative
calculations at the parton level. This approach certainly reconstructs more
fundamental quantities. However, they have additional uncertainties compared
to the hadron level cross-sections stemming from the differences in the hadro-
nisation procedures as assumed in the Monte Carlo programs used for the
unfolding. In some cases these additional uncertainties even contribute the
dominant error, as explained, for example, in Ref. [224].
Based on measurements of jet production, and charged particle production,
information on the partonic structure of quasi-real and also of virtual photons
have been derived. These results will be discussed in Section 9.2.1 and 9.2.2
respectively.
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9.2.1 Structure of quasi-real photons
Jet cross-sections for photoproduction reactions have been measured by H1
and ZEUS. Figure 84, taken from Ref. [228], shows an example of a measured
di-jet cross-section in electron-proton scattering from the ZEUS experiment.
In this figure, additional theoretical predictions presented in Ref. [226] have
been added by the author of Ref. [228]. The di-jet cross-section is corrected for
detector effects and displayed for different values for the minimum required
Ejet1T . The jets are found using the kt-clustering algorithm in the inclusive
mode from Ref. [229,230], and the minimum required transverse energies of
the jets are Ejet1T > 14 GeV and E
jet2
T > 11 GeV for jets with −1 < ηjet < 2.
This ensures good stability of the next-to-leading order QCD predictions due
to the asymmetric cuts on EjetT . The di-jet cross-section is corrected for de-
tector effects using a bin-by-bin correction procedure. In addition, the photon
virtuality is restricted to be smaller than 1 GeV2 and the scaled photon en-
ergy is required to be in the range 0.5 < z < 0.85. The restriction in the
photon energy enhances the sensitivity to the parton distribution functions of
the photon.
The influence of the hadronisation on the di-jet cross-section has been studied
based on the Monte Carlo programs HERWIG and PYTHIA. It was found
that the di-jet cross-section at the parton level is 10% to 50% higher than
the di-jet cross-section at the hadron level and the largest corrections are
predicted for the configuration where both jets have ηjet < 0, which means the
jets go in the same hemisphere as the incoming electron. In addition, based
on the investigation of the transverse energy flow around the jets, it has been
concluded that no inclusion of soft interactions in addition to the primary
hard parton-parton scattering reaction is needed to describe the observed jet
profiles at this large values of EjetT . This means, the jet energy profiles can be
described without inclusion of the so-called soft-underlying event, a method to
describe additional soft interactions between the photon and proton remnants.
However, it should be noted that the predicted cross-sections of the HERWIG
and PYTHIA Monte Carlo programs had to be scaled by large factors to
account for the measured xγ distribution. The numbers used are 1.28/1.27
and 1.83/1.72 for the direct/resolved reactions, when using the PYTHIA and
HERWIG Monte Carlo programs respectively.
The measured jet cross-section is higher than the predictions from several
groups of authors, especially for the region ηjet > 0. It has been shown in
Ref. [226] that the various predictions are in good agreement with each other.
The cross-section shows some sensitivity to the choice of the parton distribu-
tion functions of the photon, given by the spread of the predictions seen in
the first row of Figure 84.
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Fig. 84. Di-jet cross-section in photon-proton scattering compared to
next-to-leading order QCD predictions. In (a)−(c) the data are shown as a function
of ηjet2 in bins of ηjet1, for 0.50 < z = y < 0.85, for all selected events and for events
with an observed value of xγ > 0.75. The rows correspond to different values for
the minimum required Ejet1T . The inner error bar indicates the statistical and the
outer error bar the full error. The shaded band shows the uncertainty related to the
energy scale. The curves denote the theoretical predictions based on the AFG (full),
GRV (dash) and GS (dot) parametrisations of the parton distribution functions of
the photon.
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The different regions in ηjet correspond to different regions in xγ
xγ =
Ejet1T e
−ηjet1 + Ejet2T e
−ηjet2
2zE
. (60)
The region of large xγ is easiest identified by the region in η
jet2 where the
curves for xγ > 0.75 approach those for the full range in xγ . It is in this part
where the parton distribution functions have the largest spread because they
are only mildly constraint by the measurements of F γ2 shown in Figure 55. In
this region the cross-section can be described by the perturbative calculations.
However, for smaller values of xγ , shown in Figure 84(b,c) for increasing values
of ηjet2, none of the used sets of the parton distribution functions of the photon
is able to describe the data, which is taken as an indication that they may
underestimate the parton content of the photon. This region corresponds to
about 0.1 to 0.6 in xγ , and here the constraints from the measurements of F
γ
2
are rather tight, as indicated by the small spread of the curves. It remains an
interesting, but still open question, whether the parton distribution functions
of the photon can be changed to describe the jet data and still being consistent
with the measured F γ2 . However, it has to be taken into account that the data
are only corrected for detector effects, and thus a hadron level quantity is
compared to theoretical predictions at the parton level.
Similarly, in the case of H1, the measured di-jet cross-section as a function of
the average transverse energy squared of the jets in bins of xγ , is the starting
point to investigate the partonic structure of the photon in Ref. [222]. Again
jets are found using the kt-clustering algorithm in the inclusive mode from
Ref. [229,230]. The average of the transverse energies of the two jets with the
highest transverse energies is required to be above 10 GeV and the difference of
the transverse energies should be less than 50% of their average. The average
jet rapidity is constrained in the region 0-2 and the absolute difference to be
smaller than unity. This ensures EjetT > 7.5 GeV and, as above for the ZEUS
measurement, good stability of the next-to-leading order QCD predictions.
The cross-section is integrated for P 2 < 4 GeV2 and 0.2 < z < 0.83. The
measured differential electron-proton di-jet cross-section is shown in Figure 85,
taken from Ref. [222]. The di-jet cross-section is corrected for detector effects
only, and compared to the predictions of the leading order PYTHIA Monte
Carlo and to the next-to-leading order parton level predictions using the GRV
and the GS parton distribution functions of the photon. The predictions well
account for the observed jet cross-section with the exceptions of low and large
values of xγ . For xγ < 0.2 the next-to-leading order prediction based on the
GRV parametrisations is lower than the data, whereas the GS parametrisations
are able to describe the observed cross-section. As in the case of ZEUS, for
large values of xγ the GRV and GS predictions tend to lie below the data, with
GS predicting a smaller cross-section due to the strongly suppressed quark
distribution functions at large values of x discussed in Section 4. However,
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Fig. 85. Inclusive di-jet cross-section for photon-proton scattering from H1. The
data are shown as a function of the average transverse energy squared of the jets
for several bins in xγ . The inner error bars represent the statistical errors, the outer
error bars the full errors. The data are compared to the leading order prediction
from the PYTHIA generator (dash), and to analytical next-to-leading calculations
using the GRV (full) and the GS (dot) parton distribution functions of the photon.
for H1 the disagreement seems to be less pronounced and also to be more
concentrated at larger values of xγ , 0.6 < xγ < 0.75. In the highest bin in xγ
and at low values of EjetT both parametrisations predict too large cross-sections.
This cross-section is then used to determine an effective parton distribution
function of the photon. The reaction is factorised into the radiation of the pho-
ton off the incoming electron, followed by a subsequent photon-proton scatter-
ing reaction. The flux of transverse photons is described using the Weizsa¨cker-
Williams approximation, Eq. (27), discussed in Section 3.2. The photon-proton
cross-section is approximated using the concept of the single effective subpro-
cess matrix element, MSES, from Ref. [231]. This leading order approach relies
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on the fact that the angular dependence of the matrix elements of the most
important contributions to the process is very similar, as can be seen from
Figure 77. Therefore the contributions to the photon-proton cross-section can
be approximated by the product of the effective parton distribution functions
and the MSES, leading to
d4σ
dzdxγdxpd cos θ⋆
∝ 1
z
dNTγ
dz
f˜γ(xγ , Q
2)
xγ
f˜p(xp, Q
2)
xp
|MSES(cos θ⋆)|2, (61)
with effective parton distribution functions defined as
f˜γ(xγ, Q
2)≡
nf∑
k=1
[
qγk(xγ , Q
2) + q¯γk (xγ , Q
2)
]
+
9
4
gγ(xγ, Q
2), (62)
f˜p(xp, Q
2)≡
nf∑
k=1
[
qpk(xp, Q
2) + q¯pk(xp, Q
2)
]
+
9
4
gp(xp, Q
2). (63)
Similarly to deep inelastic electron-photon scattering, the factorisation and
renormalisation scales are taken to be equal in the analysis by H1. The fac-
torisation scale Q2 is identified with p2t , the transverse momentum squared
of the partons with respect to the photon-proton axis in the photon-proton
centre-of-mass system. It has been verified that the factorisation of the pro-
cess into the photon flux and the two effective parton distribution functions
is meaningful. This has been done by showing that within the experimental
uncertainty, the observed xp distribution is independent of the measured val-
ues of z and xγ for a fixed product zxγ , which means a fixed energy entering
the hard parton-parton scattering from the photon side. In addition, in the
region of the H1 analysis it is found that the relative amount of quark and
gluon initiated di-jet events agree with the weight 9/4 to better than 5%.
The evolution of the extracted leading order effective parton distribution func-
tion xγ f˜γ/α as a function of the factorisation scale Q
2 is shown in Figure 86
taken from Ref. [222] for two regions of xγ , 0.2 < xγ < 0.4 and 0.4 < xγ < 0.7.
The data are compared to three predictions based on the GRV parametrisa-
tion of the parton distribution functions of the photon. The predictions shown
are the effective parton distribution function (full), the quark component of f˜γ
(dot), and the VMD contribution to f˜γ (dash), based on the VMD prediction
of F γ2 , explained in Section 3.5. The full prediction describes the measurement.
As expected, the VMD contribution is not able to account for the data, and the
importance of the gluon part increases for decreasing value of xγ . Under the
assumption that the factorisation and renormalisation scales can be identified
with the transverse momentum of the partons, and within the uncertainties
of the concept of the single effective subprocess matrix element and the ef-
fective parton distribution functions, the measurement shows the universality
of the parton distribution functions of the photon, which are able to describe
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Fig. 86. Leading order effective parton distribution function of the photon from
H1. The data are shown as a function of the factorisation scale Q2 = pˆ2t , averaged
over xγ in the ranges a) 0.2 < xγ < 0.4 and b) 0.4 < xγ < 0.7. The inner error
bar indicates the statistical and the outer error bar the full error. The data are
compared to several theoretical predictions explained in the text.
both photon-proton scattering and deep inelastic electron-photon scattering
reactions. In addition this analysis extends the measurement of the photon
structure to factorisation scales of the order of 〈Q2〉 = 〈pˆ2t〉 ≈ 900 GeV2.
The sensitivity to the gluon distribution function of the photon seen in Fig-
ure 86 can be explored in the measurement of the di-jet cross-section and by
using the production of charged particles to obtain the gluon distribution func-
tion of the photon. Both methods have been used by H1 in Refs. [220,225] and
Ref. [223] respectively. The two methods are complementary. The jet cross-
section receives error contributions, for example, from the accuracy of the
knowledge of the energy scales of the calorimeters and from the jet definition,
which are absent when using charged particles. In addition, for sufficiently
large transverse momenta of the particles, the dependence on the soft under-
lying event is also reduced, since most of the particles produced in the soft
underlying event have momenta of the order of 0.3 GeV. In contrast, the distri-
bution of charged particles are more sensitive to details of the hadronisation,
which are integrated over when using jets. The variable xγ is either obtained
from the jets using Eq. (58), or similarly, from the sum over all charged par-
ticles with transverse momentum with respect to the beam axis of more than
2 GeV using the relation xγ ≈ 1/Eγ ∑ pte−η. Since the incoming partons of
the hard scattering process cannot be identified, no distinction can be made
between quark and gluon initiated processes. Therefore, both methods yield
only an indirect measurement of the gluon distribution function, because the
quark initiated contribution has to be subtracted based on existing parton
distribution functions obtained from measurements of F γ2 at e
+ e− colliders.
The results from the two methods as a function of xγ are shown in Fig-
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Fig. 87. Measurements of the gluon distribution function of the photon from H1. The
leading order gluon distribution function as a function of xγ , as obtained from the
charged particle cross-section is shown twice (left full circles and right open squares)
for an average factorisation scale 〈Q2〉 = 〈pˆ2t 〉 = 38 GeV2, together measurements
obtained from di-jet cross-sections (left open circles from Ref. [220] and right closed
circles from Ref. [225]) for 〈Q2〉 = 75 GeV2. The inner error bar indicates the
statistical and the outer error bar the full error. The data are compared to several
theoretical predictions explained in the text.
ure 87(left,right) taken from Refs. [223] and Refs. [225] respectively. Both
figures are shown because the older figure contains more comparisons to the-
oretical predictions. The two results, obtained from single particles and jets
respectively, are consistent and the gluon distribution function is found to be
small at large values of x and to rise towards small values of x. The measured
leading order gluon distribution function is consistent with the existing para-
metrisation from GRV. As in the case of the structure function measurements
discussed in Section 7.2, the measurements disfavour the strongly rising gluon
distribution functions of the photon, for example, the LAC1 gluon distribu-
tion function. In addition, the recent H1 measurements are above the SaS1D
prediction which is slightly disfavoured. This is similar to the measurements
of F γ2 shown in Figures 50 and 52 which tend to be above the SaS1D predic-
tion. However, the preliminary update of the F γ2 measurement at low values
of Q2 from OPAL, Figure 52, seems to be consistent with the SaS1D predic-
tion. Certainly more precise data is needed to draw definite conclusions, but,
again these measurements shows the universality of the parton distribution
functions of the photon.
This concludes the discussion of measurements of the structure of quasi-real
photons and the remaining part is devoted to virtual photons.
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9.2.2 Structure of virtual photons
As has been discussed in Section 7.3 the structure of the virtual photon can be
studied via the measurement of photon structure functions in the kinematical
regime Q2 ≫ P 2 ≫ Λ2. The evolution of F γ2 (x,Q2) and of the parton dis-
tribution functions of the photon with the factorisation scale Q2 is predicted
by QCD, whereas several models exist for the expected suppression with the
photon virtuality P 2. In the limit Q2 ≫ P 2 ≫ Λ2 these models approach the
perturbative QCD results of Refs. [49,50]. A discussion of the predictions can
be found in Section 4. The measurements of F γeff from Refs. [6,164] can be de-
scribed by next-to-leading order QCD predictions, as explained in Section 7.3.
However, the precision of the e+ e− data is very limited due to low statistics
and further information on the structure of the virtual photon is certainly
needed.
At HERA both the evolution with Q2 and the suppression with P 2 can be
investigated in deep inelastic electron-proton scattering. The largest part of the
cross-section is due to the direct coupling of the virtual photon to the partons
in the proton, but there is a small region of phase space where p2t ≫ P 2, there
the structure of the virtual photon can be resolved.
The dependence of the triple differential jet cross-section dσ/dP 2dET
2
dxγ as
a function of the photon virtuality P 2, and in bins of xγ and E
jet
T , is shown
in Figure 88 taken from Ref. [224]. The data exhibits a strong decrease as
a function of P 2 and a Monte Carlo prediction using the RAPGAP program
from Ref. [232], based on the direct coupling of the virtual photon alone (dash)
is only able to account for the data in the region of large values of xγ . For
low values of xγ the data are much higher than the prediction from the direct
coupling, and this difference is attributed to resolved interaction due to the
hadronic structure of the virtual photon. A much better description of the data
by the RAPGAP prediction is achieved when also the partonic structure of
the virtual photon is taken into account by using the GRV parton distribution
functions of the quasi-real photon, suppressed by the Drees Godbole scheme
(full), Eq. (49), with P 2c = ω
2 = 0.04 GeV2.
Based on this observation the leading order effective parton distribution func-
tion of virtual photons is extracted very similar to the case of quasi-real pho-
tons, discussed above. Again the photon-proton cross-section is approximated
by the product of the effective parton distribution function and the MSES.
Due to the non-zero virtuality P 2 of the photon the situation is more com-
plex. Firstly, also the flux of longitudinal photons has to be taken into account
and secondly, parton distribution functions of longitudinal virtual photons are
needed, which have not yet been determined. Given the known ratio of the
flux of transverse and longitudinal photons, ǫ(z), defined in Eq. (26), only the
flux of transverse photons, Eq. (24), is needed and the cross-section can be
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Fig. 88. Triple differential jet cross-section dσ/dP 2dET
2
dxγ for virtual photons
from H1. The data are shown as a function of the photon virtuality P 2 = Q2 in the
ranges of xγ and using several bins in the factorisation scale Q
2 = ET
2
. The inner
error bar indicates the statistical and the outer error bar the full error. The data
are compared to several theoretical predictions explained in the text.
expressed in a factorised form by
d5σ
dzdxγdxpd cos θ⋆dP 2
∝ 1
z
d2NTγ
dzdP 2
f˜γ(xγ , Q
2, P 2)
xγ
f˜p(xp, Q
2)
xp
|MSES(cos θ⋆)|2, (64)
with effective parton distribution functions defined as
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Fig. 89. Leading order effective parton distribution function of virtual photons
from H1. The effective parton distribution function is shown as a function of xγ
for several bins for the factorisation scale Q2 = p2t and for the photon virtuality
P 2 = Q2 The inner error bar indicates the statistical and the outer error bar the
full error. The data are compared to several theoretical predictions explained in the
text.
f˜γ(xγ, Q
2, P 2)≡
nf∑
k=1
[
qγk(xγ , Q
2, P 2) + q¯γk(xγ , Q
2, P 2)
]
+
9
4
gγ(xγ , Q
2, P 2), (65)
and f˜p(xp, Q
2) as above. Here f˜γ is to be understood as the polarisation av-
eraged effective parton distribution function f˜γ = f˜
T
γ + ǫ(z)f˜
L
γ . According
to Refs. [118,13,233] f˜Lγ is expected to be small in most of the kinematical
range of the H1 analysis. If this is the case f˜γ reduces to the purely transverse
effective parton distribution function for virtual photons.
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Fig. 90. The P 2 suppression of the leading order effective parton distribution func-
tion of virtual photon from H1. The effective parton distribution function is shown
as a function of the photon virtuality P 2 = Q2 for several bins in xγ and using
several bins for the factorisation scale Q2 = p2t . The inner error bar indicates the
statistical and the outer error bar the full error. The data are compared to several
theoretical predictions explained in the text.
In Figure 89 the measured leading order effective parton distribution function
xγ f˜γ/α is shown as a function of xγ in the region 0.2 < xγ < 0.7 and in bins
of the factorisation scale Q2 and the photon virtuality P 2. A slow increase
for increasing xγ is observed for all values of the factorisation scale and the
photon virtuality. The lever arm in the factorisation scale Q2 is too small
to observe the predicted logarithmic growth. The observed decrease with the
photon virtuality P 2 is much stronger at low values than at large values of
xγ . For example at xγ = 0.275, xγ f˜γ/α decreases from 0.55 to 0.16 when P
2
changes from 2.4 to 12.7 GeV2, whereas at xγ = 0.6 and for the same range
in P 2 the decrease is only from 0.95 to 0.54.
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In most of the phase space the data presented in Figure 89 can be described
by the predictions based on the SaS1D (dash) and SaS2D (dot) parton distri-
bution functions of the virtual photon using the default suppression with the
photon virtuality IP2 = 0, see Section 4 for details. In addition, also the GRV
parton distribution functions of the quasi-real photon suppressed by the Drees
Godbole scheme (full), Eq. (49) with P 2c = ω
2 = 0.01 GeV2, is in agreement
with the data. The only exception is the region of large values of xγ and large
photon virtualities, where the predictions tend to lie below the data, however,
in this region the data suffer from large errors.
In Figure 90 the effective parton distribution function is shown as a function
of the photon virtuality P 2 in bins of xγ and of the factorisation scale Q
2.
Again the observed decrease with P 2 is described for the region Q2 ≫ P 2 by
the same model predictions as above. When the photon virtuality approaches
the factorisation scale, P 2 ≈ Q2, the models predict a faster decrease with
the photon virtuality, than is seen in the data. However, it is clear that the
structure function picture has to break down when the target virtuality and
the probing scale approach each other, and the method to extract f˜γ can
no longer be applied. This is the same situation as in the case of the σγ⋆γ⋆
cross-section discussed in Section 7.3.
This completes the discussion about the experimental results on the measure-
ments of the photon structure. It is evident from the discussion above that this
field of research receives complementary information from different reactions.
A rather consistent picture emerges and the general features of the photon
structure can be accounted for by the theoretical predictions. However, there
is still a long way to go until we reach precise measurements of all features of
the structure of the photon.
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A Connecting the cross-section and the structure function picture
In this section the connection between the cross-section and the structure
function picture for deep inelastic scattering, Q2 ≫ P 2 ≈ 0, is made by
deriving Eq. (22) from Eq. (19). The limit P 2 → 0 is explored, using the fact
that the scattering angle of the quasi-real photon also approaches zero.
Starting point are the four vectors of the particles defined in Figure 3, using
the notation a = (Ea,~a).
p1= (E, 0, 0, E), p2 = (E, 0, 0,−E), p ≈ (Eγ , 0, 0,−Eγ), (A.1)
with p′2 = p2 − p. This leads to the simplified equations
r =
p · q
p2 · q =
(p2 − p′2) · q
p2 · q ≈ 1−
E − Eγ
E
=
Eγ
E
= z (A.2)
and
(p · q)2 −Q2P 2 ≈ (p · q)2. (A.3)
In addition,
p1 · p = 2EEγ (A.4)
will be used. Inserting the relations between the structure functions and the
cross-sections in the limit of Eq. (A.3) as given in Eq. (21) into Eq. (19) yields
d6σ=
d3p′1d
3p′2
E ′1E
′
2
α2
16π4Q2P 2
[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
4ρ++1 ρ
++
2 ·
4π2α
Q2
[
2xF γT(x,Q
2) +
ρ001
2ρ++1
F γL (x,Q
2)
]
. (A.5)
The limits for the individual terms are derived below.
The term in the first square brackets reduces to[
(p · q)2 −Q2P 2
(p1 · p2)2 −m2em2e
]1/2
=
p · q
2E2
=
y
2E2
p1 · p = yz, (A.6)
where Eqs. (A.3), (A.4) and (3) have been used. The photon density matrix
element ρ++2 defined in Eq. (15) can be written as
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2ρ++2 =
(2p2 · q − p · q)2
(p · q)2 −Q2P 2 + 1− 4
m2e
P 2
=
(
2p2 · q
p · q − 1
)2
+ 1− 4m
2
e
P 2
=
(
2
r
− 1
)2
+ 1− 4m
2
e
P 2
=
2
z
[
1 + (1− z)2
z
− 2m
2
ez
P 2
]
, (A.7)
where Eqs. (A.3), (7) and (13) have been used. Similarly ρ++1 leads to
2ρ++1 =
2
y
[
1 + (1− y)2
y
]
, (A.8)
where, due to Q2 ≫ m2e , the mass term can be neglected.
Using this and the relation ρ001 = 2(ρ
++
1 −1), Eq. (16), the term in front of F γL
simplifies to
ǫ1 =
ρ001
2ρ++1
=
ρ++1 − 1
ρ++1
= 1− y
2
1 + (1− y)2 =
2 (1− y)
1 + (1− y)2 = ǫ(y). (A.9)
This shows that all terms factorise into quantities which depend only on the
quasi-real or on the virtual photon, but not on a combination of them. This
is certainly not obvious from the original form of Eq. (19).
Next the change of variables is performed. Differentiating Eq. (10) with respect
to cos θ′2 yields
dP 2 = −2EE ′2d cos θ′2 (A.10)
and by in addition using −dE ′2 = dEγ = Edz one derives
d3p′2
E ′2
= E ′2dE
′
2dφ
′
2d cos θ
′
2 = −πdzdP 2. (A.11)
Combining Eq. (12) and Eq. (9) for P 2 = 0, a relation between E ′1 and x is
obtained
E ′1 =
Q2
4E
+ E − Q
2E
xseγ
, (A.12)
and therefore
dE ′1 =
Q2E
seγx2
dx. (A.13)
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Using in addition
dQ2 = −2EE ′1d cos θ′1, (A.14)
derived from Eq. (9) as above for P 2, the other differential reads
d3p′1
E ′1
= E ′1dE
′
1dφ
′
1d cos θ
′
1 = −π
y
x
dxdQ2. (A.15)
Inserting all pieces into Eq. (A.5) recovers Eq. (22)
d4σ
dx dQ2 dz dP 2
=
4π2αy
xQ2
·
α
2π
[
1 + (1− z)2
z
1
P 2
− 2m
2
e z
P 4
]
·
α
2π
[
1 + (1− y)2
y
1
Q2
]
·[
2xF γT(x,Q
2) +
2 (1− y)
1 + (1− y)2F
γ
L (x,Q
2)
]
. (A.16)
In this form the individual pieces can be nicely identified. The second line is the
flux of the transverse quasi-real target photons. The third line is the flux of the
transverse virtual photons, where the mass term has been neglected. The term
in front of F γL is the ratio of the flux of the transverse and longitudinal virtual
photons. Finally the structure functions F γT and F
γ
L contain the information
on the structure of the transverse quasi-real target photons when probed by
transverse and longitudinal virtual photons respectively.
The most important approximation made in deriving Eq. (22) from Eq. (19)
is Eq. (A.3). As can be seen from the functional form of σTT and σLT, listed in
the appendix of Ref. [4], exactly this term also appears in these cross-sections
and therefore, for example, in F γ2,QED. Given this Eq. (22) should not be used
when studying the P 2 dependence of F γ2,QED, and Eq. (19) should be used
instead.
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B General concepts for deriving the parton distribution functions
In this section the procedure to derive the parton distribution functions by
solving the full evolution equations is discussed. There are several groups us-
ing this approach. However, they differ in the choices made for Q20, for the
factorisation scheme and for the assumptions on the input parton distribu-
tion functions at the starting scales. The general strategy is outlined following
the discussion given in Ref. [47]. The individual sets of parton distribution
functions have been discussed in Section 4.
The parton distribution functions of the photon obey the following inhomo-
geneous evolution equations
dqγi
d lnQ2
=
α
2π
Pqiγ ⊗ Γγ +
αs
2π
{ nf∑
k=1
[Pqiqk ⊗ qγk + Pqiq¯k ⊗ q¯γk ] + Pqig ⊗ gγ
}
,
dq¯γi
d lnQ2
=
α
2π
Pq¯iγ ⊗ Γγ +
αs
2π
{ nf∑
k=1
[Pq¯iqk ⊗ qγk + Pq¯iq¯k ⊗ q¯γk ] + Pq¯ig ⊗ gγ
}
,
dgγ
d lnQ2
=
α
2π
Pgγ ⊗ Γγ + αs
2π
{ nf∑
k=1
[Pgqk ⊗ qγk + Pgq¯k ⊗ q¯γk ] + Pgg ⊗ gγ
}
,
dΓγ
d lnQ2
=
α
2π
{
Pγγ ⊗ Γγ +
nf∑
k=1
[Pγqk ⊗ qγk + Pγq¯k ⊗ q¯γk ] + Pγg ⊗ gγ
}
. (B.1)
The parton distribution functions for the quarks and antiquarks are denoted
with qγi (x,Q
2) and q¯γi (x,Q
2), the gluon distribution function with gγ(x,Q2),
and Γγ(x,Q2) is the photon distribution function. The symbol ⊗ represents
the convolution integral, defined as
P ⊗ qγ(x,Q2) =
1∫
x
dy
y
P (
x
y
) · qγ(y,Q2). (B.2)
The sum runs over all active quark flavours k = 1, . . . , nf , and the Pab are the
usual Altarelli-Parisi splitting kernels
Pab(z, α, αs) =
∞∑
l,m
αlαms
(2π)l+m
P
(l,m)
ab (z). (B.3)
Since α ≈ 1/137 is very small, the expansion of Eq. (B.1) in powers of α is
cut at O(α). To this order the terms Pγqk , Pγq¯k and Pγg do not contribute
and the evolution equation for the photon inside the photon can be solved
directly. Since photon radiation from photons starts at order α2 one can use
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Pqiγ
(a)
Pqiqk
Pgqk
(b)
Pqig
(c)
Pgg
(d)
Fig. B.1. Feynman diagrams illustrating the Altarelli Parisi splitting kernels. Shown
are (a) the branching of a photon into a quark pair, (b) the branching of a quark
into a quark and a gluon, (c) the branching of a gluon into a quark pair, and (d)
the branching of a gluon into two gluons.
Pγγ ∝ δ(1 − x) to all orders in αs, and with this, the photon distribution
function in leading order is given by
ΓγLO(x,Q
2) = δ(1− x)
[
1− α
π
(
nf∑
k=1
e2qk ln
Q2
Q20
+ c1)
]
, (B.4)
where Q20 is the starting scale of the evolution and c1 is an unknown parameter.
Since the photon coupling to quarks and anti-quarks is the same the quark
distribution functions fulfill qγi = q¯
γ
i and one of the first two equations from
Eq. (B.1) can be removed. Since qγi and g
γ are already of order α only the
O(1) contribution from Γγ has to be used in the remaining evolution equations
which thereby reduce to
dqγi
d lnQ2
=
α
2π
Pqiγ +
αs
2π
{ nf∑
k=1
(Pqiqk + Pqiq¯k)⊗ qγk + Pqig ⊗ gγ
}
,
dgγ
d lnQ2
=
α
2π
Pgγ +
αs
2π
{ nf∑
k=1
(Pgqk + Pgq¯k)⊗ qγk + Pgg ⊗ gγ
}
. (B.5)
The Altarelli-Parisi splitting kernels describe the parton branchings, as illus-
trated in Figure B.1. In leading order they have the following form
Pqiγ (z) = 3e
2
qi
[
z2 + (1− z)2
]
,
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Pqiqk (z) = δik
[
4
3
1 + z2
(1− z)+
+ 2δ (1− z)
]
,
Pqiq¯k (z) = 0 ,
Pqig (z) =
1
2
[
z2 + (1− z)2
]
,
Pgγ (z) = 0 ,
Pgqk (z) =
4
3
[
1 + (1− z)2
z
]
,
Pgq¯k (z) =Pgqk (z) ,
Pgg (z) = 6
[
1− z
z
+
z
(1− z)+
+ z (1− z) +
(
11
12
− nf
18
)
δ (1− z)
]
. (B.6)
The evolution equations are inhomogeneous, because of the occurrence of the
term Pqiγ describing the coupling of the photon to quarks. If it were not for this
term, the evolution equations would be identical to the evolution equations
for parton distribution functions of hadrons like the proton. This is why the
solution of the homogeneous evolution equations can be identified with the
hadron-like part of the photon structure function, and its x and Q2 behaviour
is just as in the hadron case. A particular solution to the inhomogeneous
evolution equations can be identified with the point-like part of the photon
structure function.
The parton distribution functions are subject to a momentum sum rule, which
can be expressed as
1∫
0
dx
{
x
[
Σγ(x,Q2) + gγ(x,Q2) + Γγ(x,Q2)
]}
= 1, (B.7)
where Σγ is defined in Eq. (40). This momentum sum rule holds order by order
in α, thus by using Eq. (B.4) to order O(α) the momentum sum rule reads
1∫
0
dx
{
x
[
ΣγLO(x,Q
2) + gγLO(x,Q
2)
]}
=
α
π
( nf∑
k=1
e2qk ln
Q2
Q20
+ c1
)
. (B.8)
This means that the quark and gluon distribution functions of the photon do
not obey a momentum sum rule which is independent of Q2 as, for example,
the parton distribution functions of the proton. In contrast, the momentum
carried by the partons of the photon rises logarithmically with Q2, with an
unknown parameter c1, which has to be obtained from somewhere else, as
performed, for example, in Refs. [43,234,235]. This has been done by relating
Eq. (B.4) to the hadronic e+ e− annihilation cross-section σ(e+ e− → hadrons)
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by means of a dispersion relation in the photon virtuality. For example, the
value of c1/π obtained in Ref. [43] is about 0.55 with an uncertainty of about
20% for Q20 = 0.36 GeV
2. The main consequence of this is that for the photon
the constraint on the gluon distribution function from the momentum sum
rule together with the measurement of F γ2 is not as powerful as in the case
of the proton. In addition, there is a theoretical debate on this issue, and the
applicability of this sum rule has been questioned in Ref. [236].
The general solution of the inhomogeneous evolution equations, Eqs. (B.5),
for the flavour singlet part, which is given by
~q γ(x,Q2) =
(
Σ γ(x,Q2)
gγ(x,Q2)
)
= ~q γPL(x,Q
2) + ~q γhad(x,Q
2), (B.9)
can be expressed in terms of the point-like part, ~q γPL(x,Q
2), and the hadron-like
part, ~q γhad(x,Q
2), taken as the solution of the homogeneous evolution equation.
At next-to-leading order these solutions can be written as
~q γhad(x,Q
2) =
([αs
α0
]dˆ(x)
+
αs
2π
{
Uˆ(x)⊗
[αs
α0
]dˆ(x) − [αs
α0
]dˆ(x) ⊗ Uˆ(x)})
⊗~q γ(Q20), (B.10)
and
~q γPL(x,Q
2) =
{
2π
αs
+ Uˆ(x)
}
⊗
{
1−
[αs
α0
]1+dˆ(x)}⊗ 1
1+ dˆ(x)
⊗ ~a(x)
+
{
1−
[αs
α0
]dˆ(x)}⊗ 1
dˆ(x)
⊗~b(x), (B.11)
where αs = αs(Q
2) and α0 = αs(Q
2
0). The quantities ~a(x),
~b(x), dˆ(x) and
Uˆ(x) abbreviate combinations of the splitting functions and the QCD β-
function. The solutions to the leading order evolution equations are contained
in Eqs. (B.10) and (B.11), and are obtained for Uˆ(x) = 0 and ~b(x) = ~0. The
asymptotic point-like solution is obtained from Eq. (B.11) in next-to-leading
order for Uˆ(x) = 0 and by dropping the terms proportional to αs/α0, which
vanish for Q2 →∞ leading to
~q γasy(x,Q
2) =
2π
αs(Q2)
⊗ 1
1 + dˆ(x)
⊗ ~a(x) + 1
dˆ(x)
⊗~b(x). (B.12)
The leading order result is obtained by in addition setting ~b(x) = ~0. The pole
at dˆ(x) = −1 is responsible for the divergence of the asymptotic solution. The
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most recent parametrisation of the leading order asymptotic solution is given
in Ref. [30].
The next-to-leading order structure function F γ2 for light quarks is given by
F γ2 = 2x
3∑
k=1
e2qk
{
qγk +
αs
2π
(C2,q ⊗ qγk + C2,g ⊗ gγ) +
α
2π
e2qkC2,γ
}
, (B.13)
where the C2,i are the next-to-leading order coefficient functions. In next-to-
leading order there exist the factorisation scheme ambiguity, which means a
freedom in the definition of the terms belonging to the parton density functions
and the terms which are included in the hard scattering matrix elements. The
different choices are known as factorisation schemes. A physics quantity like
F γ2 , which is a combination of parton density functions and hard scattering
matrix elements, is invariant under this choice, if calculated to all orders in
perturbation theory, but in fixed order the results from different factorisation
schemes can differ by finite terms, as discussed, for example, in Ref. [107].
Commonly used factorisation schemes for the proton structure function are
the MS scheme and the DIS scheme. For the photon structure function the
DISγ scheme, as introduced in Ref. [31], is motivated by the DIS scheme
14 .
The photonic, non-universal part, C2,γ, in next-to-leading order is given by
CMS2,γ (x) = 3
{
[x2 + (1− x2)] ln 1− x
x
− 1 + 8x(1− x)
}
. (B.14)
In the DISγ scheme this term is absorbed into the quark distribution functions
by using the definitions
qγk,DISγ = q
γ
k,MS
+
α
2π
e2qk C
MS
2,γ , C
DISγ
2,γ = 0. (B.15)
If the calculation is performed in the DISγ factorisation scheme, then there is a
good stability of the perturbative prediction when comparing the leading order
and next-to-leading order results, as can be seen from Ref. [31]. By applying
the MS factorisation scheme, there are much larger differences between the
leading order and next-to-leading order results of F γ2 , stemming from the large
negative contribution to the point-like part of the purely photonic part C2,γ
in next-to-leading order at large values of x, as can be seen from Eq. (B.14)
in the limit x → 1. This results even in a negative structure function F γ2 at
14 The DIS scheme absorbs all higher order terms into the definition of the quark
distribution functions, such that F p2 is proportional solely to the quark distribution
functions in all orders in αs. In contrast to this, the DISγ scheme in next-to-leading
order absorbs only the purely photonic part, C2,γ , into the quark distribution func-
tions.
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large values of x, if it is not compensated for by carefully choosing also the
point-like input distribution functions, as done in Refs. [108,107]. The negative
structure function F γ2 at large values of x can by avoided by using a technical
next-to-leading order input distribution function for the point-like part of the
following form
qγ
k,PL
(x,Q20) = −
α
2π
e2qk C
′
2,γ(x) , g
γ
PL
(x,Q20) = 0. (B.16)
Suitable expression for the term C ′2,γ are either C
MS
2,γ (x) as defined in Eq. (B.14)
or
C ′γ(x) = 3
{
[x2 + (1− x2)] ln(1− x) + 2x(1− x)
}
. (B.17)
The first solution is chosen in Refs. [108] for the construction of the parametri-
sations from Gordon and Storrow, and Eq. (B.17) was developed for the
parametrisations from Aurenche, Fontannaz and Guillet in Refs. [107], based
on an analysis of the momentum integration of the box diagram. As stated
above these are purely technical questions on how to deal with the factorisa-
tion scheme ambiguity. The predictions for the photon structure function F γ2
calculated in the different schemes are different. However, the differences in
F γ2 are much smaller than the differences in the parton distribution functions,
as can be seen from Ref. [47]. This also shows that although F γ2 is a well de-
fined quantity its interpretation in terms of parton distribution functions of
the photon is a delicate issue.
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C Collection of results on the QED structure of the photon
This section contains a summary of the available results on the QED structure
of the photon obtained either from measurements of deep inelastic electron-
photon scattering or by exploring the exchange of two highly virtual photons.
The numbers listed in the tables are the basis of the summary plots shown in
Section 6. The sources of information used to obtain the numbers are always
given in the caption of the respective table. If the total error σtot has been
obtained in this review, it was calculated from the statistical error σstat and
the systematic error σsys using the relation
σtot =
√
σ2stat + σ2sys. (C.1)
First the measurements of F γ2,QED are listed, followed by results on F
γ
A,QED and
F γB,QED, and by the results for the exchange of two highly virtual photons.
Table C.1
Results on the average photon structure function 〈F γ2,QED〉 from the CELLO
experiment. The numbers are read off the published figure, which probably contains
only the statistical error. The additional quoted systematic error of 8% is added in
quadrature. The measured F γ2,QED is averaged over the Q
2 range 1.2 − 39 GeV2,
with an average value of 〈Q2〉 = 9.5 GeV2. No information is available to which
value of 〈P 2〉 the result corresponds.
CELLO
Q2
[
GeV2
]
x 〈F γ2,QED〉 σstat σtot Ref.
1.2− 39 0.00−0.10 0.222 0.077 0.079 [150]
0.10−0.20 0.426 0.128 0.132
0.20−0.30 0.562 0.162 0.168
0.30−0.40 0.511 0.153 0.158
0.40−0.50 0.597 0.170 0.177
0.50−0.60 0.571 0.170 0.176
0.60−0.70 0.545 0.170 0.176
0.70−0.80 1.202 0.256 0.273
0.80−0.90 1.057 0.273 0.286
0.90−1.00 1.185 0.528 0.536
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Table C.2
Results on the average photon structure function 〈F γ2,QED〉 from the DELPHI
experiment. The numbers are provided by V. Podznyakov. Only statistical errors
are available. The measured F γ2,QED is averaged over the Q
2 range 4 − 30 GeV2,
with an average of 〈Q2〉 = 12 GeV2. The best fit of the QED prediction to the
data is obtained for 〈P 2〉 = 0.04 GeV2. In addition, there exist preliminary results,
which are listed in Table C.8.
DELPHI
Q2
[
GeV2
]
x 〈F γ2,QED〉 σstat σtot Ref.
4− 30 0.00−0.08 0.077 0.013 [86]
0.08−0.18 0.193 0.016
0.18−0.31 0.327 0.026
0.31−0.48 0.513 0.032
0.48−0.70 0.719 0.051
0.70−1.00 0.969 0.109
Table C.3
Results on the average photon structure function 〈F γ2,QED〉 from the L3 experiment.
The numbers for 〈F γ2,QED〉 are read off the published figure, and the average value
of Q2 is provided by G. Susinno. The measured F γ2,QED is averaged over the Q
2
range 1.4 − 7.6 GeV2, with an average of 〈Q2〉 = 3.25 GeV2. The best fit of the
QED prediction to the data is obtained for 〈P 2〉 = 0.033 GeV2.
L3
Q2
[
GeV2
]
x 〈F γ2,QED〉 σstat σtot Ref.
1.4 − 7.6 0.00−0.10 0.062 0.060 0.063 [151]
0.10−0.20 0.216 0.015 0.018
0.20−0.30 0.326 0.022 0.025
0.30−0.40 0.391 0.026 0.030
0.40−0.50 0.477 0.028 0.032
0.50−0.60 0.534 0.029 0.035
0.60−0.70 0.654 0.035 0.039
0.70−0.80 0.709 0.037 0.044
0.80−0.90 0.775 0.046 0.052
0.90−1.00 0.549 0.069 0.072
170
Table C.4
Results on the photon structure function F γ2,QED from the OPAL experiment. For
explanations see Table C.5.
OPAL
〈Q2〉 [GeV2] x F γ2,QED σstat σtot Ref.
2.2 0.00−0.10 0.115 0.007 0.009 [152]
0.10−0.20 0.219 0.010 0.013
0.20−0.30 0.282 0.012 0.016
0.30−0.40 0.347 0.015 0.019
0.40−0.50 0.356 0.017 0.020
0.50−0.60 0.400 0.020 0.023
0.60−0.70 0.483 0.025 0.030
0.70−0.80 0.491 0.031 0.033
0.80−0.90 0.532 0.034 0.036
0.90−0.97 0.308 0.032 0.078
4.2 0.00−0.10 0.108 0.010 0.019 [152]
0.10−0.20 0.237 0.014 0.017
0.20−0.30 0.320 0.018 0.022
0.30−0.40 0.378 0.020 0.023
0.40−0.50 0.373 0.020 0.022
0.50−0.60 0.421 0.025 0.028
0.60−0.70 0.519 0.029 0.032
0.70−0.80 0.556 0.034 0.036
0.80−0.90 0.601 0.040 0.042
0.90−0.97 0.470 0.041 0.065
8.4 0.00−0.10 0.090 0.012 0.014 [152]
0.10−0.20 0.271 0.022 0.029
0.20−0.30 0.334 0.029 0.035
0.30−0.40 0.409 0.033 0.040
0.40−0.50 0.496 0.038 0.046
0.50−0.60 0.563 0.043 0.050
0.60−0.70 0.596 0.049 0.054
0.70−0.80 0.687 0.056 0.061
0.80−0.90 0.891 0.072 0.084
0.90−0.97 0.761 0.074 0.089
12.4 0.00−0.15 0.151 0.022 0.025 [152]
0.15−0.30 0.297 0.033 0.037
0.30−0.45 0.402 0.041 0.048
0.45−0.60 0.434 0.044 0.056
0.60−0.75 0.758 0.062 0.074
0.75−0.90 0.723 0.072 0.077
0.90−0.97 0.714 0.085 0.090
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Table C.5
Results on the photon structure function F γ2,QED from the OPAL experiment
continued. The values are taken from the published Tables of Ref. [152]. These
results on F γ2,QED superseed the results published in Ref. [237]. The results given
at 〈Q2〉 = 2.2, 4.2, 8.4, 12.4, 21.0 and 130 GeV2 are all statistically independent and
are unfolded from data in the Q2 ranges 1.5 − 3, 3 − 7, 6 − 10, 10 − 15, 15 − 30,
and 70 − 400 GeV2. The results given at 〈Q2〉 = 3.0 GeV2 are unfolded from data
in the Q2 ranges 1.5 − 7 GeV2, which means they are not independent results, but
contain the data at 〈Q2〉 = 2.2 and 4.2 GeV2. This data is used for the comparisons
made in Figure 38. All results are unfolded for 〈P 2〉 = 0.05 GeV2.
OPAL
〈Q2〉 [GeV2] x F γ2,QED σstat σtot Ref.
21.0 0.00−0.15 0.117 0.028 0.030 [152]
0.15−0.30 0.302 0.039 0.044
0.30−0.45 0.403 0.051 0.059
0.45−0.60 0.559 0.058 0.065
0.60−0.75 0.782 0.070 0.078
0.75−0.90 0.907 0.080 0.087
0.90−0.97 0.802 0.103 0.108
130 0.10−0.40 0.343 0.094 0.100 [152]
0.40−0.60 0.578 0.079 0.095
0.60−0.80 0.936 0.109 0.126
0.80−0.90 1.125 0.130 0.142
3.0 0.00−0.10 0.113 0.006 0.011 [152]
0.10−0.20 0.230 0.009 0.012
0.20−0.30 0.300 0.011 0.015
0.30−0.40 0.363 0.013 0.018
0.40−0.50 0.364 0.014 0.016
0.50−0.60 0.409 0.017 0.020
0.60−0.70 0.507 0.021 0.029
0.70−0.80 0.516 0.025 0.018
0.80−0.90 0.574 0.029 0.045
0.90−0.97 0.397 0.029 0.066
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Table C.6
Results on the photon structure function F γ2,QED from the PLUTO experiment.
The numbers are read off the published figure, which probably contains the full
error. The results given at 〈Q2〉 = 5.5 and 40 GeV2 are unfolded from data in the
Q2 ranges 1− 16 and 10− 160 GeV2. No information is available to which value of
〈P 2〉 the result corresponds.
PLUTO
〈Q2〉 [GeV2] x F γ2,QED σstat σtot Ref.
5.5 0.00−0.10 0.081 0.040 [153]
0.10−0.20 0.177 0.048
0.20−0.30 0.532 0.089
0.30−0.40 0.403 0.105
0.40−0.50 0.532 0.113
0.50−0.60 0.597 0.161
0.60−0.70 0.952 0.322
0.70−0.80 0.887 0.444
40 0.00−0.20 0.177 0.113 [153]
0.20−0.40 0.565 0.210
0.40−0.60 0.532 0.241
0.60−0.80 1.532 0.468
0.80−1.00 0.807 0.581
Table C.7
Results on the average photon structure function 〈F γ2,QED〉 from the TPC/2γ
experiment. The numbers are read off the published figure. The measured F γ2,QED
is averaged over the approximate range in Q2 of 0.14− 1.28 GeV2, with an average
of about 〈Q2〉 = 0.45 GeV2, which was estimated from the GALUGA Monte Carlo
using the experimental requirements of the TPC/2γ analysis. No information is
available to which value of 〈P 2〉 the result corresponds.
TPC/2γ
〈Q2〉 [GeV2] x 〈F γ2,QED〉 σstat σtot Ref.
0.14 − 1.28 0.00−0.05 0.038 0.010 0.012 [154]
0.05−0.10 0.104 0.010 0.020
0.10−0.15 0.135 0.017 0.027
0.15−0.20 0.172 0.021 0.035
0.20−0.25 0.219 0.031 0.047
0.25−0.30 0.281 0.042 0.061
0.30−0.35 0.320 0.042 0.066
0.35−0.40 0.344 0.037 0.066
0.40−0.50 0.370 0.042 0.072
0.50−0.60 0.373 0.037 0.070
0.60−0.70 0.357 0.037 0.068
0.70−0.80 0.354 0.037 0.068
0.80−0.90 0.291 0.031 0.056
0.90−1.00 0.323 0.068 0.085
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Table C.8
Preliminary results on the photon structure function F γ2,QED from the DELPHI
experiment. The numbers are provided by A. Zintchenko. The results given at
〈Q2〉 = 12.5 and 120 GeV2 are unfolded from data in the Q2 ranges 2.4− 51.2 and
45.9 − 752.8 GeV2. The best fit of the QED prediction to the data is obtained for
〈P 2〉 = 0.025 and 0.066 GeV2 for 〈Q2〉 = 12.5 and 120 GeV2.
DELPHI preliminary
〈Q2〉 [GeV2] x F γ2,QED σstat σtot Ref.
12.5 0.00−0.10 0.106 0.008 0.024 [156]
0.10−0.20 0.273 0.012 0.017
0.20−0.30 0.426 0.017 0.021
0.30−0.40 0.515 0.021 0.024
0.40−0.50 0.573 0.024 0.024
0.50−0.60 0.645 0.029 0.029
0.60−0.70 0.743 0.038 0.043
0.70−0.80 0.942 0.060 0.080
0.80−1.00 1.152 0.112 0.146
120 0.00−0.20 0.426 0.291 0.291 [156]
0.20−0.40 0.436 0.134 0.144
0.40−0.60 0.678 0.143 0.153
0.60−0.80 1.039 0.170 0.176
0.80−1.00 1.524 0.247 0.257
Table C.9
Results on the photon structure functions F γA,QED and F
γ
B,QED from the L3 exper-
iment. The numbers are taken from the published table of Ref. [151]. The original
numbers for the measurement of F γA,QED are multiplied by -1/2 to account for the
different definitions of F γA,QED as detailed in Section 2.1. For the measurements of
F γA,QED/F
γ
2,QED and 1/2F
γ
B,QED/F
γ
2,QED the first error is statistical and the second
systematic. The measured structure functions are averaged over the Q2 range
1.4 − 7.6 GeV2, with an average of 〈Q2〉 = 3.25 GeV2. The values of F γ2,QED are
not corrected for the effect of non-zero P 2 in the data.
L3 〈Q2〉 = 3.25 GeV2, Ref. [151]
x F γA,QED/F
γ
2,QED 1/2F
γ
B,QED/F
γ
2,QED
0.00−0.25 0.159 ± 0.040 ± 0.034 0.046 ± 0.012 ± 0.012
0.25−0.50 0.087 ± 0.071 ± 0.056 0.111 ± 0.019 ± 0.038
0.50−0.75 − 0.210 ± 0.102 ± 0.057 0.141 ± 0.026 ± 0.048
0.75−1.00 − 0.236 ± 0.091 ± 0.079 0.061 ± 0.019 ± 0.030
L3 〈Q2〉 = 3.25 GeV2, Ref. [151]
x F γ2,QED F
γ
A,QED F
γ
B,QED
0.00−0.25 0.090 ± 0.008 0.014 ± 0.024 0.008 ± 0.010
0.25−0.50 0.404 ± 0.016 0.036 ± 0.032 0.090 ± 0.021
0.50−0.75 0.597 ± 0.020 − 0.126 ± 0.052 0.168 ± 0.040
0.75−1.00 0.731 ± 0.032 − 0.174 ± 0.062 0.089 ± 0.045
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Table C.10
Results on the photon structure functions F γA,QED and F
γ
B,QED from the OPAL
experiment. The numbers are taken from the published table of Ref. [152].
The first error is statistical and the second systematic. The results given at
〈Q2〉 = 5.4 GeV2 are unfolded from data in the Q2 range 1.5 − 30 GeV2. The
values of F γ2,QED are corrected for the P
2 effect and correspond to F γ2,QED for P
2 = 0.
OPAL 〈Q2〉 = 5.4 GeV2, Ref. [152]
x F γA,QED/F
γ
2,QED 1/2F
γ
B,QED/F
γ
2,QED
x < 0.25 0.176 ± 0.031 ± 0.010 0.075 ± 0.025 ± 0.008
0.25−0.50 0.018 ± 0.028 ± 0.008 0.099 ± 0.024 ± 0.010
0.50−0.75 −0.171 ± 0.029 ± 0.007 0.081 ± 0.027 ± 0.011
x > 0.75 −0.228 ± 0.037 ± 0.014 0.037 ± 0.033 ± 0.011
OPAL 〈Q2〉 = 5.4 GeV2, Ref. [152]
x F γ2,QED F
γ
A,QED F
γ
B,QED
x < 0.25 0.249 ± 0.006 ± 0.008 0.039 ± 0.007 ± 0.003 0.029 ± 0.010 ± 0.003
0.25−0.50 0.523 ± 0.011 ± 0.014 0.011 ± 0.016 ± 0.004 0.101 ± 0.025 ± 0.011
0.50−0.75 0.738 ± 0.017 ± 0.019 −0.122 ± 0.021 ± 0.006 0.121 ± 0.041 ± 0.017
x > 0.75 0.871 ± 0.027 ± 0.021 −0.201 ± 0.033 ± 0.013 0.063 ± 0.056 ± 0.018
Table C.11
Preliminary results on the photon structure function ratios F γA,QED/F
γ
2,QED and
1/2F γB,QED/F
γ
2,QED from the DELPHI experiment. The numbers are provided by
A. Zintchenko. The original numbers for the measurement of F γA,QED/F
γ
2,QED are
multiplied by -1 to account for the different definitions of F γA,QED as detailed in
Section 2.1. The first error is statistical and the second systematic. The results
given at 〈Q2〉 = 12.5 GeV2 are unfolded from data in the Q2 range 2.4−51.2 GeV2.
DELPHI preliminary 〈Q2〉 = 12.5 GeV2, Ref. [156]
x F γA,QED/F
γ
2,QED 1/2F
γ
B,QED/F
γ
2,QED
0.0−0.2 0.135 ± 0.037 ± 0.016 0.004 ± 0.026 ± 0.009
0.2−0.4 0.140 ± 0.034 ± 0.012 0.077 ± 0.024 ± 0.009
0.6−0.6 0.038 ± 0.034 ± 0.023 0.099 ± 0.028 ± 0.015
0.6−1.0 −0.263 ± 0.049 ± 0.035 0.182 ± 0.035 ± 0.022
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Table C.12
Differential QED cross-section dσ/dx for two exchanged virtual photons. The
results on the differential cross-section dσ/dx from the OPAL experiment are taken
from the published Table of Ref. [152]. The results given at 〈Q2〉 = 3.6 GeV2 and
〈P 2〉 = 2.3 GeV2 are unfolded from data in the Q2 and P 2 range 1.5 − 6 GeV2,
and the results given at 〈Q2〉 = 14.0 GeV2 and 〈P 2〉 = 5.0 GeV2 are unfolded from
data in the Q2 range 6− 30 GeV2 and the P 2 range 1.5− 20 GeV2.
OPAL
〈Q2〉 [GeV2] 〈P 2〉 [GeV2] x dσ/dx σstat σtot Ref.
3.6 2.3 0.00−0.20 9.77 1.62 1.80 [152]
0.20−0.40 10.45 1.26 1.39
0.40−0.65 4.34 1.07 1.09
14.0 5.0 0.00−0.25 5.26 0.82 1.29 [152]
0.25−0.50 6.87 0.78 1.08
0.50−0.75 2.75 0.60 0.63
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D Collection of results on the hadronic structure of the photon
Because in some cases it is not easy to correctly derive the errors of several
of the measurements, a detailed survey of the available results has been per-
formed, the outcome of which is presented below. In some of the cases it is
rather difficult to obtain the central values and the errors of the measurements,
because, especially in older publications, it is not always clear which errors
are contained in the figures. The strategy taken to obtain the results is the
following. If possible the values are taken from the published numbers. If no
numbers are published, the values are obtained from inspecting the figures,
either based on the RAL database or by the author himself. In some cases it is
unclear whether the errors shown in the figures are only statistical, or whether
they include also the systematic error. If only statistical errors are given in
the figures, the total error is obtained using Eq. (C.1), which means by adding
in quadrature the statistical errors and the global systematic errors given in
the publications. The prescription on how the central values and the errors
are evaluated can always be found in the corresponding tables. The numbers
listed in the tables are the basis of the summary plots shown in Section 7.
Table D.1
Results on the photon structure function F γ2 from the ALEPH experiment. The
results at 〈Q2〉 = 9.9, 20.7 and 284 GeV2 are unfolded from data in the Q2 ranges
6−13, 13−44 and 35−3000 GeV2. All numbers are taken from the published tables.
In addition, there exist preliminary results, which are listed in Table D.11.
ALEPH
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
9.9 4 0.005−0.080 0.30 0.02 0.03 [162]
0.080−0.200 0.40 0.03 0.07
0.200−0.400 0.41 0.05 0.10
0.400−0.800 0.27 0.13 0.16
20.7 4 0.009−0.120 0.36 0.02 0.05 [162]
0.120−0.270 0.34 0.03 0.12
0.270−0.500 0.56 0.05 0.11
0.500−0.890 0.45 0.11 0.12
284 4 0.03−0.35 0.65 0.10 0.14 [162]
0.35−0.65 0.70 0.16 0.25
0.65−0.97 1.28 0.26 0.37
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Table D.2
Results on the photon structure function F γ2 from the AMY experiment. The result
from Ref. [84] at 〈Q2〉 = 73 GeV2 is an update of the measurement from Ref. [83]
at the same value of 〈Q2〉, where the previous measurement is no more included in
this review. The results at 〈Q2〉 = 6.8, 73 and 390 GeV2 are unfolded from data in
the Q2 ranges 3.5−12, 25−220 GeV2 and for Q2 > 110 GeV2. The total error has
been calculated in this review from the quadratic sum of the statistical error and
the systematic error using the errors given in the published tables.
AMY
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
6.8 4 0.015−0.125 0.337 0.030 0.053 [85]
0.125−0.375 0.302 0.040 0.049
0.373−0.620 0.322 0.049 0.097
73 4 0.125−0.375 0.65 0.08 0.10 [84]
0.375−0.625 0.60 0.16 0.16
0.625−0.875 0.65 0.11 0.14
390 4 0.120−0.500 0.94 0.23 0.25 [84]
0.500−0.800 0.82 0.16 0.19
Table D.3
Results on the photon structure function F γ2 from the DELPHI experiment. The
two results are not independent, but use the same data, which is unfolded for four
bins on a linear scale in x, and also for three bins on a logarithmic x scale for
x < 0.35. The results at 〈Q2〉 = 12 GeV2 are unfolded from data in the Q2 range
4−30 GeV2. The total error has been calculated in this review from the quadratic
sum of the statistical error and the systematic error using the errors given in the
published table of Ref. [86]. In addition, there exist preliminary results, which are
listed in Table D.12.
DELPHI
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
12 4 0.001−0.080 0.21 0.03 0.05 [86]
0.080−0.213 0.41 0.04 0.06
0.213−0.428 0.45 0.05 0.07
0.428−0.847 0.45 0.11 0.15
12 4 0.001−0.046 0.24 0.03 0.06 [86]
0.046−0.117 0.41 0.05 0.09
0.117−0.350 0.46 0.17 0.19
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Table D.4
Results on the photon structure function F γ2 from the JADE experiment. The
results at 〈Q2〉 = 24 and 100 GeV2 are unfolded from data in the Q2 ranges 10−55
and 30−220 GeV2. The full errors are obtained by the RAL database from the
figures of Ref. [67] which contain only the full errors, and the statistical errors are
not available.
JADE
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
24 4 0.000−0.100 0.51 0.15 [67]
0.100−0.200 0.29 0.12
0.200−0.400 0.34 0.10
0.400−0.600 0.59 0.12
0.600−0.900 0.23 0.12
100 4 0.100−0.300 0.52 0.23 [67]
0.300−0.600 0.75 0.22
0.600−0.900 0.90 0.27
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Table D.5
Results on the photon structure function F γ2 from the L3 experiment. The results
given at 〈Q2〉 = 1.9 and 5.0 GeV2 are unfolded from data in the Q2 ranges 1.2−3.0,
3.0−9.0 GeV2. For these measurements two results are given in Ref. [89], one is
obtained by an unfolding based on the PHOJET Monte Carlo, the other is based
on the TWOGAM Monte Carlo. The numbers given here use the results based
on PHOJET as the central values with the corresponding statistical error. The
systematic error is calculated from the quadratic sum of the systematic error for
the result based on PHOJET and the difference between the results obtained from
PHOJET and TWOGAM. The results given at 〈Q2〉 = 10.8, 15.3 and 23.1 GeV2
are unfolded from data in the Q2 ranges 9−13, 13−18 and 13−30 GeV2. For
these results the central values with the corresponding statistical errors are taken
from the published table in Ref. [163]. The systematic error is calculated from the
quadratic sum of the systematic error and the additional systematic error due to
the dependence on the Monte Carlo model. In addition, there exist preliminary
results, which are listed in Table D.13.
L3
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
1.9 4 0.002−0.005 0.184 0.009 0.050 [89]
0.005−0.010 0.179 0.007 0.023
0.010−0.020 0.176 0.006 0.017
0.020−0.030 0.191 0.008 0.009
0.030−0.050 0.193 0.008 0.012
0.050−0.100 0.185 0.007 0.027
5.0 4 0.005−0.010 0.307 0.021 0.096 [89]
0.010−0.020 0.282 0.014 0.047
0.020−0.040 0.263 0.011 0.023
0.040−0.060 0.278 0.013 0.015
0.060−0.100 0.270 0.012 0.023
0.100−0.200 0.252 0.011 0.047
10.8 4 0.01−0.10 0.30 0.02 0.04 [163]
0.10−0.20 0.35 0.03 0.04
0.20−0.30 0.30 0.04 0.11
15.3 4 0.01−0.10 0.37 0.02 0.04 [163]
0.10−0.20 0.42 0.04 0.05
0.20−0.30 0.42 0.05 0.09
0.30−0.50 0.35 0.05 0.16
23.1 4 0.01−0.10 0.40 0.03 0.05 [163]
0.10−0.20 0.44 0.04 0.06
0.20−0.30 0.47 0.05 0.06
0.30−0.50 0.44 0.05 0.13
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Table D.6
Results on the photon structure function F γ2 from the OPAL experiment. The
results at 〈Q2〉 = 7.5, 14.7, 135, 9.0, 14.5, 30.0, 59.0, 1.86 and 3.76 GeV2 are unfolded
from data in the Q2 ranges 6−8, 8−30, 60−400, 6−11, 11−20, 20−40, 40−100,
1.1 − 2.5 and 2.5 − 6.6 GeV2. The numbers are taken from the published tables
in Refs. [87,90,91]. Only the statistically independent results are listed here, the
original publication also contains results on combined Q2 ranges. The asymmetric
errors are listed using the positive / negative values.
OPAL
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
7.5 4 0.001−0.091 0.28 0.02 0.04 / 0.10 [87]
0.091−0.283 0.32 0.02 0.08 / 0.14
0.283−0.649 0.38 0.04 0.07 / 0.22
14.7 4 0.006−0.137 0.38 0.01 0.06 / 0.13 [87]
0.137−0.324 0.41 0.02 0.06 / 0.04
0.324−0.522 0.41 0.03 0.09 / 0.12
0.522−0.836 0.54 0.05 0.31 / 0.14
135 4 0.100−0.300 0.65 0.09 0.35 / 0.11 [87]
0.300−0.600 0.73 0.08 0.09 / 0.11
0.600−0.800 0.72 0.10 0.81 / 0.12
9.0 4 0.020−0.100 0.33 0.03 0.07 / 0.07 [90]
0.100−0.250 0.29 0.04 0.06 / 0.06
0.250−0.600 0.39 0.08 0.13 / 0.31
14.5 4 0.020−0.100 0.37 0.03 0.16 / 0.03 [90]
0.100−0.250 0.42 0.05 0.06 / 0.15
0.250−0.600 0.39 0.06 0.12 / 0.13
30.0 4 0.050−0.100 0.32 0.04 0.12 / 0.05 [90]
0.100−0.230 0.52 0.05 0.08 / 0.14
0.230−0.600 0.41 0.09 0.22 / 0.10
0.600−0.800 0.46 0.15 0.42 / 0.21
59.0 4 0.050−0.100 0.37 0.06 0.29 / 0.09 [90]
0.100−0.230 0.44 0.07 0.11 / 0.10
0.230−0.600 0.48 0.09 0.19 / 0.14
0.600−0.800 0.51 0.14 0.50 / 0.14
1.86 4 0.0025−0.0063 0.27 0.03 0.06 / 0.08 [91]
0.0063−0.0200 0.22 0.02 0.03 / 0.05
0.0200−0.0400 0.20 0.02 0.09 / 0.03
0.0400−0.1000 0.23 0.02 0.04 / 0.05
3.76 4 0.0063−0.0200 0.35 0.03 0.09 / 0.09 [91]
0.0200−0.0400 0.29 0.03 0.07 / 0.07
0.0400−0.1000 0.32 0.02 0.07 / 0.05
0.1000−0.2000 0.32 0.03 0.09 / 0.05
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Table D.7
Results on the photon structure function F γ2 from the PLUTO experiment. The
results from Ref. [68] at 〈Q2〉 = 2.4, 4.3 and 9.2 GeV2 are unfolded from data in
the Q2 ranges 1.5−3, 3−6 and 6−16 GeV2. The measurement at 〈Q2〉 = 5.3 GeV2
contains all data and is not an independent measurement. The total error has been
calculated in this review from the quadratic sum of the statistical error and the
systematic error using the statistical error and the systematic error of 15/25% for
data above/below x = 0.2 of the measured values for nf = 4, as given in Ref. [68].
The data from Ref. [69] at 〈Q2〉 = 45 GeV2 are unfolded from data in the Q2
range 18−100 GeV2. The statistical errors are obtained by the RAL database from
Figure 5 of Ref. [69] which contains only statistical errors, and the systematic
error has been added according to the quoted systematic error of 10%. For both
publications, the charm subtraction has been performed by PLUTO.
PLUTO
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
2.4 3/4 0.016−0.110 0.183/0.204 0.014 0.053 [68]
0.110−0.370 0.263/0.272 0.026 0.049
0.370−0.700 0.222/0.222 0.064 0.072
4.3 3/4 0.030−0.170 0.218/0.256 0.014 0.066 [68]
0.170−0.440 0.273/0.295 0.020 0.048
0.440−0.800 0.336/0.336 0.044 0.067
9.2 3/4 0.060−0.230 0.300/0.354 0.027 0.093 [68]
0.230−0.540 0.340/0.402 0.029 0.067
0.540−0.900 0.492/0.492 0.069 0.101
45 3/4 0.100−0.250 0.360/0.480 0.170 0.177 [69]
0.250−0.500 0.400/0.550 0.120 0.132
0.500−0.750 0.770/0.890 0.160 0.183
0.750−0.900 0.840/0.870 0.260 0.274
5.3 3/4 0.035−0.072 0.216/0.245 0.015 0.063 [68]
0.072−0.174 0.258/0.307 0.010 0.078
0.174−0.319 0.222/0.277 0.025 0.049
0.319−0.490 0.329/0.329 0.037 0.061
0.490−0.650 0.439/0.439 0.052 0.084
0.650−0.840 0.361/0.361 0.076 0.093
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Table D.8
Results on the photon structure function F γ2 from the TASSO experiment. The
results at 〈Q2〉 = 23 GeV2 are unfolded from data in the Q2 range 7−70 GeV2.
The statistical errors are obtained by the RAL database from Figure 7 of Ref. [70],
which probably contains only statistical errors, and the systematic error has been
added according to the quoted systematic error of 19% on the xvis distribution,
which in several cases is larger than the full error given in Figure 7 of Ref. [70].
TASSO
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
23 4 0.020−0.200 0.366 0.089 0.112 [70]
0.200−0.400 0.670 0.086 0.153
0.400−0.600 0.722 0.104 0.172
0.600−0.800 0.693 0.116 0.176
0.800−0.980 0.407 0.222 0.235
3 0.020−0.200 0.281 0.087 0.111
0.200−0.400 0.441 0.085 0.153
0.400−0.600 0.469 0.104 0.172
0.600−0.800 0.549 0.115 0.175
0.800−0.980 0.422 0.224 0.237
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Table D.9
Results on the photon structure function F γ2 from the TPC/2γ experiment. The
results at 〈Q2〉 = 0.24, 0.38, 0.71, 1.3, 2.8 and 5.1 GeV2 are unfolded from data in
the Q2 ranges 0.2− 0.3, 0.3− 0.5, 0.5− 1.0, 1.0− 1.6, 1.8− 4.0 and 4.0− 6.6 GeV2.
The statistical errors are obtained by the RAL database. The quoted systematic
errors from Ref. [72] have been added. They amount to 11% for the regions
0.2 < Q2 < 1 GeV2 with x < 0.1, and 1 < Q2 < 7 GeV2 with x < 0.2, and to 14%
for the regions 0.2 < Q2 < 1 GeV2 with x > 0.1, and 1 < Q2 < 7 GeV2 with x > 0.2.
TPC/2γ
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
0.24 4 0.000−0.020 0.084 0.005 0.011 [72]
0.020−0.060 0.074 0.008 0.012
0.060−0.180 0.062 0.013 0.015
0.38 4 0.000−0.020 0.113 0.007 0.014 [72]
0.020−0.055 0.118 0.011 0.017
0.055−0.111 0.171 0.021 0.023
0.111−0.243 0.151 0.028 0.044
0.71 4 0.000−0.028 0.117 0.006 0.014 [72]
0.028−0.065 0.130 0.010 0.018
0.065−0.121 0.170 0.017 0.025
0.121−0.340 0.133 0.013 0.023
1.3 4 0.000−0.050 0.107 0.013 0.017 [72]
0.050−0.126 0.184 0.021 0.029
0.126−0.215 0.215 0.034 0.041
0.215−0.507 0.102 0.031 0.034
2.8 4 0.000−0.080 0.134 0.018 0.023 [72]
0.080−0.156 0.234 0.031 0.040
0.156−0.303 0.198 0.042 0.050
0.303−0.600 0.160 0.033 0.040
5.1 4 0.021−0.199 0.224 0.034 0.042 [72]
0.199−0.359 0.373 0.057 0.077
0.359−0.740 0.300 0.044 0.061
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Table D.10
Results on the photon structure function F γ2 from the TOPAZ experiment. The
results at 〈Q2〉 = 5.1, 16, 80 GeV2 are unfolded from data in the Q2 ranges 3−10,
10−30 and 45−130 GeV2. The total error has been calculated in this review from
the quadratic sum of the statistical error and the systematic error using the errors
given in the published table.
TOPAZ
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
5.1 4 0.010−0.076 0.33 0.02 0.05 [71]
0.076−0.200 0.29 0.03 0.04
16 4 0.020−0.150 0.60 0.08 0.10 [71]
0.150−0.330 0.56 0.09 0.10
0.330−0.780 0.46 0.15 0.16
80 4 0.060−0.320 0.68 0.26 0.27 [71]
0.320−0.590 0.83 0.22 0.23
0.590−0.980 0.53 0.21 0.22
Table D.11
Additional preliminary results on the photon structure function F γ2 from the
ALEPH experiment. The results at 〈Q2〉 = 13.7 and 56.6 GeV2 are unfolded from
data in the Q2 ranges 7−24, and 17−200 GeV2. The numbers for 〈Q2〉 = 13.7 GeV2
are taken from the published table and the numbers for 〈Q2〉 = 56.6 GeV2 are read
off the figures presented in Ref. [160].
ALEPH preliminary
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
13.7 4 0.002−0.065 0.32 0.02 0.04 [160]
0.130−0.343 0.41 0.03 0.03
0.343−0.560 0.53 0.04 0.06
0.560−0.900 0.37 0.07 0.12
56.5 4 0.003−0.05 0.48 0.04 0.05 [160]
0.05 −0.25 0.41 0.04 0.10
0.25 −0.48 0.38 0.06 0.09
0.48 −0.98 0.54 0.07 0.16
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Table D.12
Additional preliminary results on the photon structure function F γ2 from the
DELPHI experiment. For the results reported in Ref. [165] the numbers have been
provided by I. Tiapkin, whereas the results from Ref. [166] have been taken from
the published tables. No information is available which ranges of Q2 have been
used for the results.
DELPHI preliminary
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
6.3 4 0.002−0.020 0.204 0.03 [165]
0.020−0.070 0.261 0.03
0.070−0.200 0.303 0.04
0.200−0.700 0.377 0.11 [165]
13 4 0.002−0.020 0.266 0.03
0.023−0.140 0.316 0.03
0.140−0.280 0.366 0.04
0.280−0.750 0.424 0.05
21 4 0.01−0.10 0.33 0.01 0.03 [166]
0.10−0.30 0.41 0.03 0.04
0.30−0.80 0.51 0.05 0.06
42 4 0.01−0.10 0.41 0.01 0.03 [166]
0.10−0.30 0.48 0.02 0.03
0.30−0.80 0.59 0.03 0.05
99 4 0.01−0.10 0.45 0.06 0.06 [166]
0.10−0.30 0.52 0.05 0.06
0.30−0.80 0.73 0.05 0.06
400 4 0.01−0.10 0.5 0.3 0.3 [166]
0.10−0.30 0.7 0.2 0.3
0.30−0.80 1.0 0.1 0.3
Table D.13
Additional preliminary results on the photon structure function F γ2 from the L3
experiment. The results at 〈Q2〉 = 120 GeV2 are unfolded from data in the Q2
range 40−500 GeV2. The numbers have been provided by F.C. Erne´.
L3 preliminary
〈Q2〉 [GeV2] nf x F γ2 σstat σtot Ref.
120 4 0.05−0.20 0.66 0.06 0.08 [164]
0.20−0.40 0.81 0.04 0.08
0.40−0.60 0.76 0.10 0.12
0.60−0.80 0.85 0.12 0.14
0.80−0.98 0.91 0.18 0.19
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Table D.14
Results on the Q2 evolution of F γ2 for three active flavours. The values for the
AMY and the TOPAZ experiments are the published numbers from Refs. [84]
and [71]. The values for the PLUTO experiment are obtained by the RAL database
from the published figures of Ref. [69]. The TASSO result is the sum of the three
middle bins of Table D.8.
Exp. 〈Q2〉 [GeV2] x F γ2 ± σtot Ref.
AMY 73 0.3−0.8 0.42 ± 0.08 [84]
390 0.50 ± 0.18
PLUTO 2.4 0.3−0.8 0.24 ± 0.08 [69]
4.3 0.30 ± 0.06
9.2 0.36 ± 0.07
45 0.55 ± 0.12
TASSO 23 0.2−0.8 0.48 ± 0.10 [70]
TOPAZ 16 0.3−0.8 0.38 ± 0.08 [71]
80 0.49 ± 0.15
338 0.72 ± 0.37
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Table D.15
Results on the Q2 evolution of F γ2 for four active flavours. The values for the AMY,
ALEPH, DELPHI, OPAL and TOPAZ experiments are the published numbers
from Refs. [84], [162] , [86] , [90] and [71] respectively. The values for the JADE
and PLUTO experiments are obtained by the RAL database from the published
figures of Refs. [67] and [69]. For the PLUTO result the contribution from charm
quarks has been added as explained in Section 7.2. The TASSO result is the sum
of the three middle bins of Table D.8. For the TPC/2γ the statistical errors are
obtained by the RAL database. The quoted systematic error from Ref. [72] has
been added. In addition, there exist preliminary results from the DELPHI and L3
experiments, which are listed in Table D.16.
Exp. 〈Q2〉 [GeV2] x F γ2 ± σtot Ref.
ALEPH 9.9 0.1−0.6 0.38 ± 0.05 [162]
20.7 0.50 ± 0.05
284 0.68 ± 0.12
AMY 73 0.3−0.8 0.63 ± 0.07 [84]
390 0.85 ± 0.18
DELPHI 12.0 0.3−0.8 0.45 ± 0.08 [86]
JADE 13.4 > 0.1 0.28 ± 0.06 [67]
21.2 0.37 ± 0.04
28.3 0.46 ± 0.09
35.8 0.67 ± 0.10
46.9 0.66 ± 0.16
100 0.73 ± 0.13
OPAL 7.5 0.1−0.6 0.36+ 0.07
− 0.12 [90]
9 0.36+ 0.09
− 0.08
13.5 0.41+ 0.06
− 0.13
14.7 0.41+ 0.08
− 0.05
30 0.48+ 0.08
− 0.09
59 0.46+ 0.09
− 0.07
135 0.71+ 0.15
− 0.08
PLUTO 2.4 0.3−0.8 0.24 ± 0.08 [69]
4.3 0.30 ± 0.06
9.2 0.39 ± 0.07
45 0.73 ± 0.12
TASSO 23 0.2−0.8 0.69 ± 0.10 [70]
TPC/2γ 5.1 0.3−0.6 0.31 ± 0.07 [72]
TOPAZ 16 0.3−0.8 0.47 ± 0.08 [71]
80 0.70 ± 0.15
338 1.07 ± 0.37
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Table D.16
Preliminary results on the Q2 evolution of F γ2 . For the DELPHI results reported
in Ref. [165] the numbers have been provided by I. Tiapkin, whereas the results
from Ref. [166] have been taken from the published tables. The numbers from the
L3 experiment have been provided by F.C. Erne´.
Exp. 〈Q2〉 [GeV2] x F γ2 ± σtot Ref.
DELPHI prel. 6.6 0.3−0.8 0.38 ± 0.08 [165]
11.2 0.43 ± 0.05
17.4 0.52 ± 0.07
20 0.49 ± 0.06
35.5 0.64 ± 0.06
63.0 0.77 ± 0.08
102.0 0.84 ± 0.11
21 0.3−0.8 0.51 ± 0.06 [166]
42 0.59 ± 0.05
99 0.73 ± 0.06
400 1.00 ± 0.32
L3 prel. 50 0.3−0.8 0.62 ± 0.19 [164]
80 0.75 ± 0.10
125 0.88 ± 0.13
225 1.18 ± 0.23
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